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Abstract. We address the problem of local geometry of third order ODEs 
modulo contact, point and fibre-preserving transformations of variables. Sev- 
eral new and already known geometries are described in a uniform manner by 
the Cartan method of equivalence. This includes conformal, Weyl and met- 
ric geometries in three and six dimensions and contact projective geometry in 
dimension three. Respective connections for these geometries are given and 
their curvatures are expressed by contact, point or fibre-preserving relative 
invariants of the ODEs. 
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1. Introduction 

This paper addresses the problem of geometry of third order ordinary differential 
equations (ODEs) which is stated as follows. 
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The geometry problem. Determine geometric structures defined by a class of 
equations 

y'" ^Fix,y,y',y") 

equivalent under certain type of transformations. Find relations between invariants 
of the ODEs and invariants of the geometric structures. 

One may consider equivalence with respect to several types of transformations, 
in this work we focus on three best known types: contact, point and fibre- preserving 
transformations. The fibre-preserving transformations are those which transform 
the independent variable x and the dependent variable y in such a way that the 
notion of the independent variable is retained, that is the transformation of a; is a 
function of x only: 

(1) x = x{x), y^y = y). 

The transformation rules for the derivatives are already uniquely defined by above 
formulae. Let us define the total derivative to be 

"' SI 

y Oy" 

Then 
(2a) 

(2b) 

(2c) 

The point transformations of variables mix x and y in an arbitrary way 

(3) X X = x(a;,y), y ^ y ^ (j){x,y), 

with the derivatives transforming as in ([2]). The contact transformations are more 
general yet. Not only they augment the independent and the dependent variables 
but also the first derivative 

x^ x = x{x,y,y'), 
y^y^ <P{x,y,y'), 

/ dy , 

y ^ = v(x,y,y )■ 
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However, the functions Xj 4> 3'iid V' are not arbitrary here but subjecting to (|2ap 
which now yields two additional constraints 

Sx tp{xx + y'xy)^<l>x + y'<l>y, 

guaranteeing that dy/dx really transforms like first derivative. With these condi- 
tions fulfilled second and third derivative transform through (|2b[) - iPc]) . We always 
assume in this work that ODEs are defined locally by a smooth real function F and 
are considered apart from singularities. The transformations are always assumed 
to be local diffeomorphisms. 

A pioneering work on geometry of ODEs of arbitrary order is Karl Wiinschmann's 
PhD thesis [T] written under supervision of F. Engel in 1905. In this pa- 
per K. Wiinschmann observed that solutions of an nth-order ODE y^") = 
F{x, y,y', . . . , y*-"^^-*) may be considered as both curves y = y{x, cq, ci, . . . , c„_i) in 
the xy space and points c = (cq, . . • , c„_i) in the solution space R" parameterized 
by values of the constants of integration Ci . He defined a relation of fcth-order con- 
tact between infinitesimally close solutions considered as curves; two solutions y{x) 
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and y{x) + dy{x) corresponding to c and c + dc have the fcth-order contact if their 
kth jets coincide at some point [xq, yo)- Wiinschmann's main question was how the 
property of having {n — 2)nd contact for n — 3,4: and 5 might be described in terms 
of the solution space. In particular he examined third-order ODEs and showed that 
there is a distinguished class of ODEs satisfying certain condition for the function 
F, which we call the Wiinschmann condition. For a third-order ODE in this class, 
the condition of having first order contact is described by a second order Monge 
equation for dc. This Monge equation is nothing but the condition that the vector 
defined by two infinitesimally close points c and c + dc is null with respect to a 
Lorentzian conformal metric on the solution space. The last observation, although 
not contained in Wiinschmann's work, follows immediately from his reasoning and 
was later made by S.-S. Chern [S], who cited Wiinschmann's thesis. 

The main contribution to the issue of point and contact geometry of third-order 
ODEs was made by E. Cartan and S.-S. Chern in their classical papers [21 El H] 
and [S]. E. Cartan [3J considered a third-order ODE modulo point transformations 
and, applying his method of equivalence, constructed a 7-dimensional manifold P 
together with a fixed coframe 9^ ,9^ ,9^,6'^,ili,il2,i^3 which encodes all the point 
invariant information about the ODE. This means that two ODEs are point equiv- 
alent if and only if their associated coframes are diffeomorphic. In the language 
of contemporary differential geometry P is a principal bundle — > P — > 
over the second jet space with the structure group i/a = M x (M k M) while the 
coframe defines a co (2,1)®. R^.valuecfl Cartan connection on P. The point invari- 
ant information about the ODE is contained in the curvature of this connection 
and its coframe derivatives. E. Cartan observed that some equations have a non- 
trivial geometry on their solution spaces, namely a 3-dimensional Einstein- Weyl 
geometry in Lorentzian signature. In order to possess it an ODE must satisfy two 
point invariant differential conditions on the function P, one of them being the 
Wiinschmann condition. E. Cartan also showed that the Weyl connection for this 
geometry may be immediately obtained from the coframe 9^ , . . . ,^1^. Following 
Cartan's reasoning S.-S. Chern studied third-order ODEs modulo contact transfor- 
mations and constructed a 10-dimensional bundle P ^ equipped with a coframe 
0"'^, fii, Jig. Iff an ODE satisfies the Wiinschmann condition then it has a 

three-dimensional Lorentzian conformal geometry on the solution space while the 
coframe becomes the o(3, 2)-valued normal conformal connection for the geometry. 
In both these cases the conformal metric is precisely the metric appearing implic- 
itly in K. Wiinschmann's thesis. Later H. Sato and A. Yoshikawa [43] applying N. 
Tanaka's theory [46] constructed a Cartan normal connection for arbitrary third- 
order ODEs (not only of the Wiinschmann type) and showed how its curvature is 
expressed by the contact relative invariants. 

The Lorentzian geometry on the solution space was rediscovered fifty years after 
S.-S. Chern from the perspective of General Relativity. In a series of papers [El 
UnilSnilll E.T. Newman et al developed the Null Surface Formulation (NSF), an 
alternate approach to General Relativity. In NSF the basic concept is a family 
of hypersurfaces on a manifold M^; the hypersurfaces are defined as level sets 
Z(a;^,s,s*) = const of a real functioifl Z on M x 5"^, where (a;^) G AP', s e 
S'^. Starting from these data a Lorentzian conformal metric is constructed by 
the property that these hypersurfaces are its null hypersurfaces. The function 



Notation is explained on pages [7l-[8l 
'Here s* is the complex conjugate of s 
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Z{x^, s, s*) is interpreted as the general solution to a system of PDEs 

Zss =-^{s, S* , Z, Zg, Zg' , Zss»), 
Zs's' {s, s* , Z, Zg, Zg» , Zss* ) 

for a real function Z{s) of a complex variable s. Consequently, coordinates a;^ are 
treated as constants of integration, which turns ikf* into the solution space of the 
PDEs. One of main results of NSF was proving that a family of hypersurfaces 
is a family of null hypersurfaces for a Lorentzian conformal metric on if and 
only if A satisfies two differential conditions, so called metricity conditions, which 
may be viewed as a generalization of the Wiinschmann condition. It is remarkable 
that three-dimensional version of the NSF leads immediately to third-order ODEs, 
[Tfl [5T1 [211 H3] . In this case there is a one-parameter family of surfaces in given 
by Z{x'^,s) = const, where (x*) € and s € are real. Z{x'^,s) is identified 
with the general solution of a third order ODE Zgss = A(s, Z, Zs, Zgs), is the 
solution space and x is identified with J^. The construction of a conformal 
geometry from the family of null surfaces is fully equivalent to Chern's construction 
and one metricity condition obtained for A in this case is precisely the Wiinschmann 
condition. 

Apart from the 3-dimensional Lorentzian conformal geometry, there has been 
some interest in 3-dimensional Einstein- Weyl geometry, mainly from the perspective 
of the theory of twistors and integrable systems by N. Hitchin [29] , R. Ward [49] , 
C. LeBrun [33] and P. Tod, M. Dunajski et al [3Tl[T4l[T5; for discussion of the link 
between the Einstein- Weyl spaces and third-order ODEs see [35] and [Tfj . 

P. Nurowski, following the ideas of E. Cartan, proposed a programme of sys- 
tematic study of geometries related to differential equations, including second- and 
third-order ODEs. In this programme, [IS] HH [2H1 [33 HO] , both new and aheady 
known geometries associated with differential equations are supposed to be con- 
structed by the Cartan equivalence method and are to be characterized in the 
language of Cartan connections associated with them. In particular in [38] new 
examples of geometries associated with ordinary differential equations were given, 
including a conformal geometry with special holonomy G2 from ODEs of the Monge 
type. Partial results on geometries of third-order ODEs were given in [38l [231 El] 
but the full analysis of these geometries has not been published so far and this 
paper aims to fill this gap. 

Geometry of third-order ODEs is a part of broader issue of geometry of differ- 
ential equations in general. Regarding ODEs of order two, we owe classical results 
including construction of point invariants to S. Lie [34] and M. Tresse [48]. In 
particular E. Cartan [lOj constructed a two-dimensional projective differential ge- 
ometry on the solution spaces of some second-order ODEs. This geometry was 
further studied in [37] and [ID], the latter paper pursues the analogy between ge- 
ometry of three-dimensional CR structures and second-order ODEs and provides 
a construction of counterparts of the Fefferman metrics for the ODEs. Classifi- 
cation of second-order ODEs possessing Lie groups of fibre-preserving symmetries 
was done by L. Hsu and N. Kamran |30J. Geometry on the solution space of cer- 
tain four-order ODEs (satisfying two differential conditions), which is given by the 
four-dimensional irreducible representation of GL(2,]R) and has exotic GL{2,M) 
holonomy was discovered and studied by R. Bryant [6J, see also [SH]. The 6*^(2, R) 
geometry of fifth-order ODEs has been recently studied by M. Godlihski and P. 
Nurowski [H]. 

The more general problems yet are existence and properties of geometry on 
solution spaces of arbitrary ODEs. The problem of existence was solved by B. 
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Doubrov [12], who proved that an nth-order ODE n > 3, modulo contact trans- 
formations, has a geometry based on the irreducible n-dimensional representation 
of GL{2,M.) provided that it satisfies n — 2 scalar differential conditions. An im- 
plicit method of constructing these conditions was given in [TTj . Properties of the 
GL{2,R) geometries of ODEs are still an open problem; they were studied in pH] . 
where the Doubrov conditions were interpreted as higher order counterparts of the 
Wiinschmann condition, and by M. Dunajski and P. Tod I16j. 

Almost all the above papers deal with geometries on solution spaces but one can 
also consider other geometries, including those defined on various jet spaces. The 
most general result on such geometries [13] comes from T. Morimoto's nilpotent 
geometry j^H |3S] . It concludes that with a system of ODEs there is associated a 
filtration on a suitable jet space together with a canonical Cartan connection. 

1.1. Results of the paper. We start from the equivalence problems formulated 
in terms of G-structures ([T^ - (fH)) and apply Cartan's method to obtain manifolds 
P equipped with the coframes encoding all the invariant information about ODEs. 
Next we show how to read the principal bundle structures of these manifolds over 
distinct bases. Usually it is the structure over the solution space S which is the most 
interesting, but we also consider structures over J^, and certain six-dimensional 
manifold M^, which appears naturally. When the structure of a bundle is estab- 
lished then the invariant coframe defines a Cartan connection on P ^ base, usually 
under additional conditions playing similar role to the Wiinschmann condition. In 
order to obtain the geometries and the Wiinschmann-like conditions we often apply 
the method of construction by Lie transport and projection. The most symmetric 
cases when the connections are fiat or have constant curvature provide homogeneous 
models for the geometries. Since the dimension of S and is three and we build 
geometries with at least two-dimensional structural group then the homogeneous 
models are given by the ODEs with at least five-dimensional symmetry group. 

Contact geometries. Section |3| is devoted to the geometries of the ODEs modulo 
contact transformations. The only equations possessing at least five- dimensional 
contact symmetry group are the linear equations with constant coefficients, that is 

y'" = 

with the symmetry group 0(3, 2) and 

y'" = -2fiy' + y, G M, 

mutually non-equivalent for distinct /i, with the symmetry group k^R'^. Sections 
13. II to discuss geometries whose homogeneous model is generated by y'" = 0. In 
section [m] we state the main theorem in that section, theorem 13. 1) which describes 
the geometry on J^. It may be recapitulated as follows. 

Theorem (Theorem 13.11) . The contact invariant information about an equation 
y'" = F(x,y,y' ,y") is given by the following data 

i) The principal fibre bundle Hq — + P ^ J^, where dimP = 10 and Hq is a 
six- dimensional subgroup o/0(3, 2) 

ii) The coframe {9^ ,9"^, 9^,9'^, V,i,V,2, ^3, ^4, ^5,^5) on P which defines the 
0(3, 2) = sp(4,]R) Cartan normal connection Q'^ on P. 

The coframe and the connection Qc ot& given explicitly in terms of F and its deriva- 
tives. There are two basic relative invariants for this geometry: the Wiinschmann 
invariant and Fy"y"y"y" ■ 

This theorem is almost identical to the result proved in [13] and the only new 
element we add here is the explicit formula for the connection. For completeness, 
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section [X^ cont ains a proof of the theorem, which foUows S.-S. Chern's construction 
of the coframe and the construction of the normal connection of [3S]- 

Sections 13.41 to [3?6l discuss next three geometries generated by cD"^, those on J^, 
S and certain six-dimensional manifold which appears in a natural way. These 
results are summarized as follows. 

Theorem. The connection tD"^ of theorem \3.1\ has fourfold interpretation. 

1. It is always the normal o(3,2) Cartan connection on (Chern-Sato- 
Yoshikawa construction.) 

2. // the ODE has vanishing Wiinschmann condition then uj'^ is the normal 
Lorentzian conformal connection for the Lorentzian structure on the solu- 
tion space ( Chern-NSF construction.) 

3. // the ODE satisfies FyiiyHyHyii = then u)'^ becomes the normal Cartan 
connection for the contact projective structure on generated by the family 
of solutions of the ODE. 

4. Q'^ is the sp(4,K)-pari of the o(4,4) normal conformal connection for a 
six- dimensional split conformal geometry on with special holonomy 



In section 13.71 we turn to geometries, whose homogeneous models are provided 
by the equation y'" — —2^?/' + y. Following Chern we reduce the bundle P to its 
five-dimensional subbundle. Then we find that 

Theorem (Theorem l3.15p . Every ODE satisfying some contact invariant condition 
ef [F] = fi = const has a geometry on its solution space together with a linear 
connection from the invariant coframe. The action of the algebra on S is given 



This geometry seems to be a generalization of Chern's 'cone geometry' which 
was associated with the equation y'" — — y and briefly mentioned to exist for 
arbitrary ODEs. In our construction the action of depends on the characteristic 
polynomial of respective linear equation, and we get a real cone geometry provided 
that it has three distinct roots. 

Point geometries. In section |3 we study the geometries associated with the ODEs 
modulo point transformations. Sections 14.11 to deal with geometries modelled 
on y'" = 0. Our approach is analogous to the contact case and results are similar. 
They may be summarized as follows. 

Theorem. The following statements hold 

1. The point invariant information about y'" ~ F(x,y,y' ,y") is given by 
the seven- dimensional principal bundle H^, P ^ together with the 
coframe e^,0'^,e^,0^,ni,n2, ^3 on P, which defines the co{2,l) (S.M.^ Car- 
tan connection u)^ ( Cartan construction.) 

2. // the ODE has vanishing Wiinschmann and Cartan invariants then it has 
the Einstein- Weyl geometry on S and the Weyl connection is given by ujP 
( Cartan construction.) 

3. // the ODE satisfies Fynyi,y,, = then it has the point-projective structure 
on generated by the family of solutions of the ODE. 

4. For any ODE there exists the split signature six- dimensional Weyl geometry 
on certain manifold , which is never Einstein. 



sp(4,M) e. 



by 
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A new construction, which does not have a contact counterpart, is considered 
in section 14.51 This is a Lorentzian metric structure on the solution space S. Its 
construction follows immediately from the Einstein- Weyl geometry. If the Ricci 
scalar of the Weyl connection is non-zero, then it is a weighted conformal function 
and may be fixed to a constant by an appropriate choice of the conformal gauge. 
The homogeneous models of this geometry are associated with 



if the Ricci scalar is negative, and 

^ y'2 + 1 

if the Ricci scalar is positive. Their point symmetry groups are 0{2, 2) and 0(4) 
respectively. Both these equations are contact equivalent to y'" = 0. 

Fibre-preserving geometries. Section[5]is devoted to the geometries of ODEs modulo 
fibre-preserving transformations. We obtain a seven-dimensional bundle and the 
co(2,l) ©. R^-valued Cartan connection on it. Since both and ui^ of the 
point case take value in the same algebra these cases are very similar to each other. 
Indeed, we show that one can recover u)^ from just by appending one function 
on the bundle. As a consequence, the geometries of the fibre-preserving case are 
obtained from their point counterparts by appending the object generated by the 
function. 

We did not study obvious or not interesting geometries. In the point and fibre- 
preserving case geometries of y'" = ~2fiy' + y are the same to what we have in 
the contact case, since the respective symmetry groups are the same. Also the 
fibre-preserving geometry on does not seem to be worth studying. 

To summarize, the following material contained in this work is new: sections 
13.51 to 13.71 excluding theorem 13.131 and sections 14.31 to 15.21 Other sections contain a 
reformulation and an extension of already known results. 

All our calculations were performed or checked using the symbolic calculations 
program Maple. 

1.2. Notation. In what follows we use the following symbols, in particular W 
denotes the Wiinschmann invariant. 





F 


=F{x,y,p, q), 


(4) 


V 


+ pdy + qdp + Fdq, 


(5) 


K 


1 7~) P 1 p2 1 p 


(6) 


L 


— ip K — -F K —K — -F 


(7) 


M 


= 2KqqK ~ 2Kqy + \FqqL ~ ^FqLq - 2L 


(8) 


W 


= {V ~ iFq) K + Fy, 


(9) 


Z 


vw 
w 



Parentheses denote sets of objects: (ai, . . . , Ofc) is the set consisting of ai, . . . , afe. 
In particular this symbol denotes bases of vector spaces as well as coordinate sys- 
tems, frames and coframes on manifolds. The linear span of vectors or covectors 
ai, . . . , flfc is denoted by < ai, . . . , a/j >. If ai, . . . , are vector fields or one- forms 
on a manifold, then the above symbol denotes the distribution or the simple ideal 
generated by them. The symmetric tensor product of two one-forms or vector fields 
a and /? is denoted by a/3 = \ {a ® (3 -\- (3 ® a) . The symbols ^(^i/) and ^[^i/j denote 
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symmetrization and antisymmetrization of a tensor A^^ respectively. For a metric 
g of signature (fc, I) the group CO{k, I) is defined to be 

CO{k,l) ^{AeGL{k + l,R)\ A^gA = e^g, A e M}. 

Its Lie algebra 

co{k,l) = {a e Q{{k + l,K)\ a'^g + ga^Xg, A e M}. 

A semidirect product of two Lie groups G and H, where G acts on H is denoted 
by G K A semidirect product of their Lie algebras is denoted by g ©. t). If the 
action depends of a parameter fi then we add an subscript: and ©^t. 

2. Towards Cartan connections 

2.1. ODEs as G-structures on J^. Following Cartan and Chern we begin with 
the space of second jets of curves in (see [U] for description of jet spaces) 
with coordinate system (x, y,p, q) where p and q denote first and second derivative 
y' and y" for a curve x i— > {x,y{x)) in R^, so that this curve lifts to a curve 
X ^ {x,y{x),y'{x),y"{x)) in J^. Any solution y = f{x) of y'" = F{x,y,y',y") is 
uniquely defined by a choice of f{xo), f'{xo) and f"{xo) at some xq. Since that 
choice is equivalent to a choice of a point in J^, there passes exactly one solution 
{x, f{x), f (x), f" (x)) through any point of J^. Therefore the solutions form a 
(local) congruence on J^, which can be described by its annihilating simple ideal. 
Let us choose a coframe {uj'^) on J^: 

uj^ — dy ~ pdx, 

oj^ = dp — qdx, 
(10) „ 

UJ ^ dq~ F{x,y,p,q)dx, 

uj'^ ~ dx. 

Each solution y = f{x) is fully described by the two conditions: forms w^, w^, 
uj^ vanish on the curve t i-^ {t, f {t), f {t), f" (t)) and, since this defines a solution 
modulo transformations of x, uj^ — dt on this curve. 

Suppose now that a equation y'" = F{x, y, , y' , y") undergoes a contact, point or 
fibre-preserving transformation. Then (jlOp transform by 

UJ^ UJ^ — UlUJ^ , 

Uj"^ Uj'^ — U2U}^ + U^Uj"^ , 

UJ ^ UJ — U4UJ + U5UJ + UqUJ , 

UJ^ l—> Uj'^ ^ UsUJ^ + UgUj'^ + UjUj'^, 

with some functions ui, . . . , ug defined on and determined by a particular choice 
of transformation, for instance 

Ui^(j>y- ipXy, 

In particular, ug = in the point case and ug = ug = in the fibre-preserving 
case. Since the transformations are non-degenerate, the condition U1M3U5U7 7^ is 
always satisfied and transformations (jlip form local pseudogroups. Thus we have. 

Lemma 2.1. A class of contact equivalent third-order ODEs is a local G-structur^ 
Gc X defined by the property that the coframe {uj^ , uj'^ , uj^ , uj^) belongs to it and 



'Here we use local trivializations of G-structures. 
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the structure group is given by 



(12) 



Gc 



( Ul 





Ug 







ue 









For a class of point equivalent ODEs the structure is given by 



(13) 



Gp — 



V"8 




















(14) 



G 



f 



whereas for a class of fibre-preserving equivalent ODEs the structure group Gf G Gp 
is given by 

/ui 0\ 

U2 U3 
U4 Us Ug 

\0 ujj 

2.2. Cartan connections. The version of Cartan's equivalence method [9] we 
employ below is explained in books by R. Gardner [25j and P. Olver Some 
its aspects are also discussed by S. Sternberg [H] and S. Kobayashi [32]. Its idea 
is the following: starting from Gc x (or Gp x or G/ x J^) one constructs a 
new principal bundle H P (with a new group H) equipped with one fixed 

coframe (6*% Hp) built in some geometric way and such that it encodes all the local 
invariant information about Gc x ,P (or Gp x or Gf x respectively) through 
its structural equations. This leads to the notion of Cartan connection, defined 
here after [32] ■ 

Definition 2.2. Let H ^ P ^ AI he a, principal bundle and let G be a Lie group 
such that H is its closed subgroup and dimG = dim P. A Cartan connection of 
type (G, H) on P is a one-form Q taking values in the Lie algebra g of G and 
satisfying the following conditions: 

i) Qu ■ TuP g for every u e P is an isomorphism of vector spaces 

ii) A*_iuj ~ A for every A E t) and the corresponding fundamental field A* 
in) R^u = Ad(/i-i)(i for he H. 

The curvature of a Cartan connection is defined as follows 

K{X,Y) = dQ{X,Y) + ^[Q{X)MY)]. 

The curvature is horizontal which means that it vanishes on each fundamental 
vector field A*: 

A*jk 0. 

Horizontality of the curvature is locally equivalent with property iii) of the connec- 
tion. Cartan connections with vanishing curvature are called flat. 

Example 2.3. A standard example of Cartan connection is obtained by taking the 
principal fibre bundle of a Lie group P — G over its homogeneous space M = G/ H 
and by defining u) to be the Maurer-Cartan form oj — g~^dg, g G G. So defined Q 
is a flat Cartan connection on P. 

In general, the curvature does not have to vanish and a Cartan connection is an 
object that generalizes the notion of the Maurer-Cartan form on a Lie group. 

Two 3rd order ODEs y'" = F{x,y,y',y") and y'" = F{x,y,y',y") are 
contact/point/fibre-preserving equivalent if and only if their associated Cartan 



10 



MICHAL GODLINSKI AND PAWEL NUROWSKI 



connections are difFeomorphic, that is there exists a local bundle diffcomorphism 
PZ)O^OcP such that $*lD = u). Technically speaking curvature co- 
efficients are rational functions of vertical bundle coordinates (it^) and relative 
invariants defined as follows. 

Definition 2.4. A contact/point/fibre-preserving relative invariant I[F] of y'" = 
F{x,y,y' ,y") is a function of F and its derivatives such that if I[F] = for an 
equation y'" = F{x,y,y' ,y") then I[F] = for every equation y'" = F{x,y,y' ,y") 
contact/point /fibre-preserving equivalent to it. 

From relative invariants contained in the curvature of the associated Cartan 
connection one may recover the full set of invariants by taking consecutive coframe 
derivatives. 

In theorem 13.11 and proposition 13.101 we need a concept of normal Cartan con- 
nection in the sense of N. Tanaka. We briefly remind this notion below. For details 
of Tanaka's theory see [351 ES] ■ 

Definition 2.5. A semisimple Lie algebra g is graded if it has a vector space 
decomposition 

= ® . . . e g_i ® go © fli © • ■ • © flfe 

such that 

and g_fc © . . . ® g_i is generated by 0_i. 

Let us suppose that g is a semisimple graded Lie algebra and denote m = g_fe ® 
. . . ® g_i, [} = go ® ■ • • ® g*;- Let us consider a g valued Cartan connection u) on 
a bundle H ^ P ^ M, where the Lie algebra of H is (). Fix a point p E P. The 
decomposition g = m ® f) defines in TpP the complement Hp of the vertical space 
Vp. Therefore we have TpP = Vp ® Hp, 0{Vp) = i) and u){Hp) — m. The curvature 
Kp — (dcD +Sa Q)p at p is then characterized by the tensor Kp G Hom(A^m, g) given 

by 

(15) Kp{A,B)=Kp{Q-HA),Q;\B)), A,Bem. 

The function k: P ^ Honi(A^m, g) is called the structure function. 

In the space Hom(A^m, g) let us define Hom^(A^m,g) to be the space of all 
a e Hom(A^tn, g) fulfilling 

a(gi, gj) c gi+j+i ® ... ® gfe for i,j<0. 

Since the Killing form _B of g is non-degenerate and satisfies B{Qp,gq) — for 
p 7^ —q, one can identify m* with gi ® . . . ® gfc. For a basis (ei, . . . ,6™) of tn 
let (e^, . . . , e^) denote the unique basis of gi ® . . . ® g^- such that B{ei, e*) = 
Tanaka considered the following complex 

... — > Hom(A'?+im, g) ^ Hom(A'?m, g) — > ... 

with d* : Hom(A'?+im,g) IIom(A« m, g) given by the following formula 

{d*a){AiA ... A Aq) = ^[e*, Q!(eiA Aia ... a Aq)] 

i 

+ i X/ "(["Sj' ^«]mA CjaAiA . . . A^iA . . .AAq), 
hi 

where a G Hom(A'?m, g), Ai, . . . Aq E m, (e.;) is any basis in m and [ , ]„, denotes 
the tn-component of the bracket with respect to the decomposition g — m ® f). 
Finally, N. Tanaka [46| introduced the notion of normal connection, the definition 
below is given in the language of [?]■ 
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Definition 2.6. A Cartan connection tD as above is normal if its structure function 
K fulfills the following conditions 

i) K e Hom^A^m, 0), 

iil d*K = 0. 



3. Geometries of ODEs modulo contact transformations of variables 

3.1. Cartan connection on ten-dimensional bundle. We formulate a theorem 
about the main structure which is associated with third-order ODEs modulo contact 
transformations of variables, an sp(4, R) Cartan connection on the bundle ^ . 
This structure will serve as a starting point for further analyzing of geometries of 
ODEs. 

Theorem 3.1. To every third order ODE y'" — F(x,y,y',y") there are associated 
the following data. 

i) The principal fibre bundle Hq — > ^ J^, where dimP"^ = 10 and Hq is 
the following six- dimensional subgroup of SP{A, M) 



/./777_ i-^a=_ 



(16) 



V 



Ui 








1 U2 


1 U4 


2 y^TT' 


2 ^ 




lis 











113 ' 









24 3/2 

U-, Us 



1 

2 3/2 



2 ^/uTua 

1_ 

Ml 



ii) The coframe {0^,9^,9'^,9'^,ili,il2,^3,^i,^5,^6) on P'^ , which defines the 
Sp(4, R)-i)aZwerf Cartan normal connection Q'^ on P'^ by 



(17) 



i4 



3 2 
3 



-rig 



in_ 



Two ^rd order ODEs y'" - 



0^ -e^ -^nj 

F(x,y,y',y") and y'" = F{x,y,y',y") are locally 
contact equivalent if and only if their associated Cartan connections are locally 
diffeomorphic, that is there exists a local bundle difjeomorphism $ : P'^ D (5 — » 
O C P" such that 

The connection uj'^ has the following explicit form. Let {x, y, p, q, Ui, U2, U3, U4, 
^5) Uq), {x'^,Ufj) for short, be a local coordinate system in P'^ , which is compatible 
with the local trivialization P"^ = Hq x J^, that is (x*) — {x,y,p,q) are coordinates 
in and {u^) are coordinates in Hq as in (fTH)) . Then the value o/o)'^ at the point 
{x^,Ufj_) in P'^ is given by 
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where u denotes the matrix ([T 



2 "2 



2^1 



2^4 



i7§ 



2^4 



2 "2 



is the connection uj'^ calculated at the point (x*, ui = 1,U2 — 0, U3 = 1, U4 = 0, U5 
0,U6 = 0). The forms uj^,uj'^,(jj^,uj'^ read 



(18) 



T/ie forms fij, 



w'^ =dp — qdx, 



-Aq — Fdx — ^Fq{Ap — qdx) + K{dy — pdx) 



-dx. 



n1 



, 57g read 



(19) 



"3 — uy -r qq 

n°=-i^Wqq+Lq)iO^ + ^K, 



\FqU:\ 



qq 



2^^qq^ 



6^ 111 

- -,Wq, - 

~ F K 

^qqq^^ 



2-^^qq^ 



lFqWqq + ^FqqqW + M)uj' + 



Wqq)u;' 

hF„„K-2L 4i 



KqqUj'' + 



ilF,y-^FqqK-2L~IWq)L,\ 



3.2. Proof of theorem 3.1. We prove theorem l3.1l bv repeating Chern's construc- 
tion supplemented later in |43j . 

On the bundle Gc x there are four fixed, well defined one-forms {6^, 9^, 9^ , 9^), 
the components of the canonical R^-valued form 9 existing on the frame bundle of 
J^. Let (x) denote x,y,p,q and (g) be coordinates in Gc given by (fT^ . Let us 
choose a coordinate system {x, g) on Gc x compatible with the local trivialization. 
Then 9'' at the point {x,g~^) read 



(20) 



9^ =1*10;"'^, 

n2 1 I 2 

i =U2UJ + U3UJ , 

q4 1 I 2 I 4 



We seek a bundle on which 9^ are supplemented to a coframe by certain new 
one-forms fi^ chosen in a well-defined geometric manner. 
Step 1 . We calculate the exterior derivatives of 9^ on Gc x 

d9^ ^aiA9^ +T]^^9^A9'', 

d9^ =a2A 9^ + a3A 9^ + T)^9^ a 6l^ 

d9^ ^aiA9^ +azA9^ + aeA9^ +T]^^9^a9'', 

d9'^ =a8A 9^ + agA + ayA -f r^j-fc^J a 6'^ 



(21) 
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where are the entries of the matrix dg^. • g and T^^. are some functions on 
Gc X J2. Next we collect T\,^e^ rsO^ terms 

AO^ ^ (ai - T\^e^ - T\^e^ ~ T\^^^) aO^ 

(22) + {as - T|303 _ y2^^^4^ ^q2^ Tl^e^A e\ 

de'^ = (a4 - T^afi*^ " T'^is^'^ " T\^0^) a0\ 

d9^ = (as - T\^0^ - T\^6'' - T\^6^) a e\ 
and introduce new 1-forms tt^ substituting the collected terms. Eq. (|2ip now read 

d^l =^lA0l + ^0^02^ 
■"3^7 



d6'^ = 7r2A6'^ + TTaA 



q2 I ""3 o4 . /)3 



A I 



(23) ' uqU7 

de^ = 7r4A6|i +7r5A6i2 +7r6A6l^ 

since = ^34 — 0, T24 — —usuj/ui and T34 = —U3/{uqUy). 

The equations (|23p resemble structural equations for a linear connection very 
much, however, here tt is not a linear connection since it does not transform ac- 
cording to i?*7r = Ad(u~^)7r along fibres of Gc x J^. We may think of tt as a 
connection in a broader meaning, that is a horizontal distribution on Gc x J^, 
which is not necessarily right-invariant. Keeping this in mind we will refer to T'^j, 
as torsion. Thus tt is a connection chosen by the demand that its torsion is 'min- 
imal', i.e. possesses as few terms as possible. The forms tt^, which are candidates 
for the sought forms fJ^, are not uniquely defined by equations (|23p. for example 
the gauge tti ^ tti -I- f9^ leaves unchanged. Therefore our connection is not 
uniquely defined by its torsion. 

Step 2. We reduce the bundle Gc x J^. We choose its subbundle, say P^-^\ charac- 
terized by the property that the torsion coefficients are constant on it. We choose 
P(i) such that = -1, r234 = -1 on it. Thus P^^^ is defined by 

24 M6 = ^, ur^—. 

Ul U3 

It is known [251111] that such a reduction preserves the equivalence, in other words, 
two bundles are equivalent if and only if their respective reductions are. Here P^^) 
has the seven-dimensional structural group 



gP 



Step 3. Next we pull-back 9^ and tt^j to P'-'^'. But the new structural group G^^ 
is a seven-dimensional subgroup of Gc, so (6*^, . . . , 0'*, tti, . . . , TTg) of (PS]) is not a 
coframe on 

p(i) 

any longer, since 
TTg = 27r3 — vTi mod (0*), ttj = tti — tts mod (6''). 



/Ml 










U2 


U3 








U4 


U5 


Ha 

til 





\U8 


Ug 





"1 ; 
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Taking this into account we recalculate 
choose the new connection 

/tti 

TT2 TTa 
7r4 TTs 27r3 — TTl 
VtTs TTg 

SO that its torsion is minimal again. 



and gather the torsion terms. We 







TTl - TTs/ 



9^a9\ 



(25) 



d0^ 
dd^ 

de^ 



'K2A ( 



TTiAO' + 



fA0\ 



n^A V 

tt^aO^ + (27r3 - 7ri)A6'3 ■ 



3^5 
"3 



3U2 - UsFq 
Ui 



fAd\ 



TTSAl 



TTg A 



f + {ni-TT3)A9^. 



Step 4. We repeat the steps 2. and 3. Firstly we reduce P*^^^ to the subbundle 
p(2) (2 p(^) defined by the property that the only non-constant torsion coefficient 
vanishes on it, 



in 



(26) 



U3 
Ui 



U2 



Next we recalculate connection, re-collect the torsion and make another reduction 
through the constant torsion condition {K is defined in ([5]).) 



(27) 



U4 = —K^ 

Ml 



2ui 



At this stage we have reduced the frame bundle Gc x to the nine-dimensional 
subbundle P^^") — > J^, such that its structural group is the following 



/til 

U2 





"3 



U2U3 

Ui Ui 

Us Ug 






«l 

til 







Hi / 

7/, .J ' 



and the frame dual to (u)^ , uj'^ , uj"^ — ^FqCj^ +Klj^ , uj^) belongs to P^^\ The structural 
equations on P'-^'> read after collecting 



de^ = TTl A 



9\0\ 



(28) 



de^ 

d6l3 = 7r2A6l^ + (27r3-7ri)A6i' 



,4 



with some one- forms tti , 7r2 , 7r3 , TTg , TTg . The function VF, defined in ([5]), is the 
Wiinschmann invariant. Thereby, as Chern observed, third-order ODEs fall into 
two main contact inequivalent branches: the ODEs satisfying W 0, and those 
satisfying W = 0. 

Equations (|28p do not still define the forms tt^ uniquely but only modulo the 
following transformations 

2h9\ 

32 



(29) 



TTl TTl 

7r2 — > 7r2 + ^l^ 
7r3 7r3 + ii6'\ 
TTg ^ Trs + t29^ +h9^ + ti9'^, 
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At this point, there is no pattern of further reduction. If = there are only 
constant torsion coefficients in (1281) and we do not have any conditions to define a 
subbundle of P*-^-*. In these circumstances we prolong P'-^-'. 

Step 5. Prolongation. On P'^^^ there is no fixed coframe but only the coframe 
{9^,9"^, 6^,9'^,TTi,n2,n3, TTg, ttq) given modulo (j^ . But 'a coframe given modulo G" 
is a G-structure on P'^' and we can deal with this new structure on P^^-* by means 
of the Cartan method. Let us consider the bundle G^''°' x P'^^^ then, where 



^pro 



refiects the freedom so that the block t reads 



/2ti 













h 








h 













^3 





tl 


V*3 







0/ 



On P(3) X GP'' 
given by 



there exist nine fixed one- forms 6'-'^ , 6*^ , 6*^ , 6*^ , Hi , 112 , Ha , Ilg , Ilg , 



n, 





. p(3) p(3)^ 



ol 



which is the canonical one-form on G^^" 

Step 6. Now we apply the method of reductions to the above structure on G^*" 
P^^^. We calculate the exterior derivatives of (6'',n^). The derivatives of 9^ take 
the form of ([^5]) with tt^ replaced by 11^. The derivatives of 11^, after collecting 
and introducing 1-forms A/ containing dt/, 7 = 1,2, 3, 4, read 

=Aia6'1 +n8A6i2 -n2A6i'', 

,3 



dHi 
dHa 



:iAiA6i^ - Hi A Ha -HaAHa + n8A6i''^ + -^WnQ/x9^ 



(30) 



2/i6'1a 9^ + fi9^f. 6** + }29^A 9^ + /gei^A 6''*, 



dHa =iAi/ 

dllg =A2a( 
dHg =A3A^ 



+ n8A6i 

A3A 
A4A 9^ 



+ Ug/x9^ 

^Aia9*- 

HiAHg - 



^ fi9\9'^ + f29^/x9^ + f59\ 
- HgA Ha + HgA n3 + /26'^A 
203 A Hg + Usa9'^~ /i6|1 a ei"* 



/3e'A( 



+ /3 



where /i, /a, /s, /4, /s are functions on G'"'"' x P^^^. We choose the subbun- 
dle P" of GP™' X P(3) by the condition that hJ2,h are equal to zero on P"^. 
This is done by appropriate specifying of parameters ta , ^3 , ti as functions of 
{x,y,p,q,ui, U2,U3,us,ug,ti). We skip writing these complicated formulae. The struc- 
tural equations on P*^ read 



d9^ =niA6ii 
d9^ =n2A 9^ 
d9^ ^U2/\9^ 

de^ =n8A 

dHi =Aia6|1 



9^a9\ 



1\9\ 



n3A 

(2n3-ni)A6i3 + A6'' 

TIqa9'^ + (Hi - n2)Ai 

ngA^^ -n2A6i^, 



dn2 =(n3 - ni)A n2 + AHgA 9^ + Uia 9"^ + n^/\9^ + B9^a9^ + c 9^ a 9^ 



(31) dn3 =iAiA6ii +n8A6'2 +n9A6i3 + G6I 



1a04 
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dHg =n9A Hs + HgA U3 - 2C HgA - 



Ul/ 



dHg =(ni - 2n3) + Us A + E9\ 9^ + He'^ A e-^ + J e\ 
dAi =AiAni + 2n8An2 + 2cn8A6ii -2CiigAe'^ - AUgAO* 



^ + L9^a9\ 
M9^a9^ 



2{D + AL) 9^a9^ + N9^a9'^ + 2E 9 



G9^a9^ 



with certain functions A., B, C, D, E, F, G, H, J, L, M, N on P". 

Above structural equations uniquely define the only remaining auxiliary form 
Ai. In this manner we constructed the bundle P*^ — > and the fixed coframe 
associated to the ODEs modulo contact transformations. 

3.2.1. Cartan normal connection from Tanaka's theory. The above coframe is not 
fully satisfactory from the geometric point of view since it does not transform 
equivariantly along the fibres of P'^ ^ J^. 

In order to see this we consider the simplest case, related to the equation y'" = 0, 
when all the functions A, . . . ,N vanish. Then ([?T|) become the Maurer-Cartan equa- 
tions for the Lie algebra o(3, 2) = sp(4, K) and P" is locally the Lie group S'P(4, M). 
The Maurer-Cartan form on P"^ in the four-dimensional defining representation of 
sp(4, R) is given by 



UJ 



n. 



-T19 

kill - Us 



\29^ 



ins 



However, this object is not a Cartan connection in a general case, when A, . . . , N 
do not vanish, since its curvature K — duj + ua uj is not horizontal with respect 
to the fibration P ^ J^, that is the value of if on a vector tangent to a fibre of 
P ^ J2 is not necessarily zero; for instance K\ contains the term ^IlgA^^. 

In order to resolve this problem H. Sato and Y. Yoshikawa 02 found the struc- 
tural equations for the normal connection in this problem by means of the Tanaka 
theory. We recalculate their result in our notation and give explicit form of the 
normal connection, which their paper does not contain. 

Let E^j £ g[(4, K) denotes the matrix whose (z, j)-component is equal to one and 
other components equal zero. We introduce the following base in sp(4,IR) 



(32) 



ei = 2E\, 

64 = E\ - E% , 



62 = E\ + E 



2i 



65 



- - E\ + E\ - P*4), 



eg = E% 
e^^\[E\ 



67 



E'. 



E- 



3' 



es^~l{E\ + E%\ 



eg 



-E- 



3' 



eio 



1 pi 
-jE 4- 



In this base the form co is given by 

w = 9^ei + 9'^e2 + 9^e3 + 9^ei + Hieg + Hsee -I- Hgey -t- Hges + Hgcg - 
The normal Cartan connection Q'^ which we seek reads 

= 6*^61 + 6*262 + 0^63 + 6'''64 + f^ies + f7266 + n^er + n^eg + f^seg 
where the forms fi^, unknown yet, are given by 

ni = ni + a,9\ n2 = ii2 + bi9\ Q3 = n3 + c,6 



A16 



10- 



f^ecio, 
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r!4 = Hg + ,U9\ = Hg + g,9\ rig - Ai + h.O' 

and the functions ai,bi, Ci, fi, gi, hi are to be found from the norniahty conditions 
of definition 12.61 The algebra sp(4,M) has the following grading 

(33) 5p(4, R) = 0_3 © 0_2 © 3-1 © So ® 01 ® 02 © 03, 

where 

0-3 =< ei >, 0-2 =< 62 >, 0-1 =< 63, 64 >, 

00 65, 67 >, 01 =< 66, eg >, 02 =< 68 >, 03 =< 6io > 

and t) = 00 ©01 ©02 ©03 =< 65, ... , 610 >. Let lower case Latin indices range from 
1 to 4 and upper case Latin indices range from 1 to 10 throughout this section. 
The structure function k of cD'^, defined in psp . decomposes into 

K — ^K^ij 6/ (8) 6V e-' , 

where (e^) denotes the basis dual to (er) and k',, — ., are functions. Condition 

i) of definition 12.61 reads 

23 ~ 0, K 24 ~ 0, K 34 = 0, K 34 = 0. 

We read structural constants [67,6,7] = c^jjBk for 5p(4, M), compute the Killing 
form i?7j and its inverse B^"^ . The operator d* : Hom(A^m,0) Hom(m, 0) acts 
as follows 

<9*(e7 <E) e\ e^) - (25[;,B^l^c\.7 - S'^jC^'^^B^^'') cl <E) 6™. 

We apply d* to the basis (67 (8) 6*a e^) of Hom^(A^m, 0) and find that the condition 

ii) of definition l2.6[ d*K = 0, is equivalent to vanishing of the following combinations 
of k'^j-. 

K ]^4, K ]^4, K 24, K^247 '^'^34: '^23' 12 + 13 ^" 24, 2k ]^2 ^ 24 ~ '^^34, 
K 12 ~ '^'^23 ~ '*^347 13 + 23' 13 ~ 34i 12 + 14 + ^^^241 
12 ~ '^'^13 ~ 24i 12 + '^^24 ^ '^^34 ~ 24; ^ 13 + '^^23 + '^^34 ~ '^'^34; 
23 "I" 34; 12 ~ 14 + 24 + 14; 12 ~ 13 "I" ^3 + K 24, 
'^12 '^23 '^34 24 , 13 23 ^ 34, K 5^4 -f- K 34 ^ fi, 24; 

K 24 ~ K 34 + 2k 34, 2k 12 — 2k 24 — K K ]^3 + K 23 ~ 34; 14 + 24; 
'^^23 ~ 2k 23 ~ '^^34; '^^^12 + 2k*]^4 + K 24, K^]^3 + n'^12 + '^^24 "I" '*^14- 

Next, we calculate the curvature K"^ = duj'^ + Q'^auj'^, find the components of 
the structure function and put them into the normality conditions. These are only 
satisfied if all the functions 0^,6^,6^,6^,/^, gi vanish except for ei, /ii, /i2, /i3, /i4 which 
are arbitrary and 

ai==2ei, 61 = |C, 62 = 61, fi^^J^ /4 = ei, 

where C and J are the functions in pip . Finally, we obtain from the 61-component 
of the Bianchi identity dK'^ — K'^/\ uj'^ — uj'^a K'^ that 

ci =0, /ii = |G - |X4(J), /i2 = I J; /13 = 0, K = -jC, 

where X4 is the vector field in the frame {Xi,X2, X^, X4, X5, Xg, Xj, Xs, Xg, Xiq) 
dual to (6'^, 6*^, 61^, 6*^, Hi, n2, n3, Hg, Hg, Ai). The normal connection Q'^ has been 
constructed. The last thing we must do is renaming the coordinates ug —^ U4, 
ug U5 and choosing appropriately, so that formulae HH) - (dH) hold. This 
finishes the proof of theorem 13. II 

3.3. Ten-dimensional bundle P"^. 
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3.3.1. Curvature. We turn to discussion of consequences of theorem 13.11 The cur- 
vature 

is given by the non-constant terms in the structural equations for the coframe 

de^ =r22A + (2173 - f^i)A + A^ei^A + a^s^a o^, 

df72 =(r23 - f7i)A ^2 + \^GA + n^A + a^ o^a + A^ei^A e^, 

(34) =if^6A + f74A + rjgA + A^6ii A + K%B^ a 6'^ 

di74 =r25A r^a + ^^4A + ^r^eA Q"" + (a^ + b^)6|1a -i- 2B^6'^a 

- A^6|1a6''^-1-B^6|2a6|3 

df^s =(r2i - 2f73)A + f74A + (a^ + B^)e'^ A + B^ei^A 

- K%d^ aO^ + W^B^ Ad'^ , 

dl^e ^VLqa r^i + 2r24A ^2 + C^fii^A 6*2 + 2B^6|1a + A^e*! A 61-* + 2B^6|2a 6*^, 

where A^, . . . , A|, B^, . . . , B4, are functions on P'^. 

The functions AJ,...,CJ are contact relative invariants of the under- 
lying ODE and the full set of contact invariants can be constructed 
by consecutive differentiation of A^ , . . . , C\ with respect to the frame 

(Xi,X2,X3,X4,X5,X6,X7,X8,X9,Xio) dual tO {B^ , 9^, 9^ 9\ ^2, 1^3, ^^4, 

lis, rig), see [42]. Utilizing the identities d^fi^ =0 we compute the exterior deriva- 
tives of Af , Bj , C^, for instance 

dBl = Xi{Bl)9^ + X2(B^)6|2 + X3{Bl)9^ - 2B19'^ + 2B^rJi - SB^ff^. 

From these formulae it follows that i) A| , . . . A| express by the coframe derivatives 
of A^, ii) B2, . . . B4 express by coframe derivatives of B^ and iii) is a function 
of coframe derivatives of both A J and B^ . Hence we have 

Corollary 3.2. There are two basic contact relative invariant^ for third order 
ODEs: 

Al = -^W B1 = jr-^Fqqqq. 

All other invariants can be derived from them by consecutive differentiation with 
respect to the dual frame (Xi). 

The simplest case, in which all the contact invariants A^, . . . , vanish corre- 
sponds to = Fqqqq = and is characterized by 

Corollary 3.3. For a third-order ODE y'" — F{x, y, y' , y") the following conditions 
are equivalent. 

i) The ODE is contact equivalent to y'" — 0. 

ii) It satisfies the conditions W = 0, and Fqqqq = 0. 

iii) It has the o(3, 2) algebra of contact symmetry generators. 



This property means in the language of Tanaka's theory that curvature of a normal connection 
is generated by its harmonic part. 
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3.3.2. Structure of P'^. The manifold P'^ is endowed with threefold geometry of 
principal bundle over the second jet space J^, the first jet space and the so- 
lution space S. We discuss these structures consecutively. Let us remind that 
{Xi,X2,X3, X4, X5, Xe, Xj, Xs, Xg, Xw) denotes the dual frame to {0^, 9"^, 9^, 9^, 

fll, ^2, ^^3, ^^4, ^^5, ^^e)- 

First bundle structure, Hq P ^ , has been already introduced explicitly in 
theorem 13. II Here we only show that it is actually defined by the coframe, since it 
can be recovered from its structural equations. Indeed, we see from p4p that the 
ideal spanned by 9^,6^,9^,9'^ is closed 

d9'A9^Ae^A9^A9'^ ^0 for i = 1,2,3,4, 

and it follows that its annihilated distribution < X^, Xq, Xj, Xg, Xg, Xig > is inte- 
grable. Maximal integral leaves of this distribution are locally fibres of the projec- 
tion P^ ^ J^. Furthermore, the commutation relations of these vector fields are 
isomorphic to the commutation relations of the six-dimensional group Hq, hence 
we can define the fundamental vector fields associated to the action Hq on P'^ 
X5, ■ ■ ■ , Xio . 

In order to explain how is the bundle CO {2, 1) k M'' ^ ^ 5 let us first 
describe the solution space S itself. On there is the congruence of solutions of 
the ODE. A family of solutions passing through sufficiently small open set in is 
given by the mapping 

{x;Ci,C2,C3) l-> {x,f{x;Ci,C2,C3),fx{x;Ci,C2,C3),fa:x{x;Ci,C2,C3)), 

where y — /(a;; ci, C2, C3) is the general solution to y'" — F{x,y,y',y") and 
(ci, 02,03) are constants of integration. Thus a solution can be considered as a 
point in the three-dimensional real space S parameterized by the constants of in- 
tegration. This space can be endowed with a local structure of differentiable man- 
ifold if we choose a parametrization (01,02,03) 1— *■ /(x; ci, 02, 03) of the solutions 
and admit only sufficiently smooth reparameterizations (01,02,03) 1— > (01,02,03) 
of the constants. We always assume that S is locally a manifold. Since is 
a bundle over S so is P^ and the fibres of the projection P"^ S are annihi- 
lated by the closed ideal < 9^, 9"^, 9^ >. On the fibres there act the vector fields 
X4, X5, Xq, X-j, Xs, Xg, Xio, which form the Lie algebra co(2, 1) ©. and thereby 
define the action of C0(2, 1) k P^ 

Apart from the projection — > 5 there is also the projection — > which 
takes the second jet (x,y,p,q) of a curve into its first jet {x,y,p). It gives rise 
to the third bundle structure, Hj ^ P"^ ~* J^. Here the tangent distribution is 
< X3, X5, Xq, Xt, Xs, Xg, XiQ > and it defines the action of a seven-dimensional 
group Hj which of course contains Hq. 

It appears that, under some conditions, u)c is not only a Cartan connection over 

but over 5 or also. 

3.4. Conformal geometry on solution space. 

3.4.1. Normal conformal connection. We remind the notion of normal conformal 
connection. Consider R" with coordinates (x''), /i — 1,.. .,n equipped with the 
flat metric g = g^„dx'^ (^dx" of the signature {k,l), n — k + l. The group Conf{k, I) 
of conformal symmetries of g^i, consists of 

i) the subgroup CO{k, ^) = R x 0{k, I) containing the group 0{k, I) of isome- 
trics of g and the dilatations, 

ii) the subgroup R" of translations, 

iii) the subgroup R" of special conformal transformations. 
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The stabilizer of the origin in M" is the semisimple product of CO{k, I) k M" of 
the isonietries, the dilatations, and the special conformal transformations. The 
flat conformal space is the homogeneous space Conf{k,l)/CO{k,l) k M". To this 
space there is associated the flat Cartan connection on the bundle CO{k, I) k M" 
Conf{k, I) — > R" with values in the algebra conf(fc, I). 

By virtue of the Mobius construction, the group Conf{k, I) is isomorphic to the 
orthogonal group 0{k + 1,1 + 1) preserving the metric 

-1^ 

^-1 

on K"+^. This isomorphism gives rise to the following representation of conf(fc, I) 
o(fc + 1,/ + 1) 

(35) v'' A^^ 

V g.pvP 

Here the vector (yp) S K" generates the translations, the matrix (A'^j^) S o{k,l) 
generates the isometries, (p - the dilatations, and (^^) e K" - the special conformal 
transformations. 

Let us turn to an arbitrary case of a conformal metric [g] of the signature (fc, I) 
on a n-dimensional manifold M,n = k + l>2. Let us choose a representative g of 
[g] and consider a coframe (luP), in which g — g^i, ujP®lo'^ with constant coefficients 
gpv We calculate the Levi-Civita connection F'^^, for 5, its Ricci tensor R^^ and 
the Ricci scalar R. Next we define the following one-forms 

Given these objects we build the following conf (fc, Z)-valued matrix oj'^°'^f on M 

/OP, 

(36) w™"^ = 6*^ gPpPp 

\ g,p9P 

This is the normal conformal connection on M in the natural gauge Consider now 
the conformal bundle CO{k,l) k R" ^ P — > M, and choose a coordinate system 
(/i,x) on P compatible with the local triviality P = CO{k,l) k R" x M, where x 
stands for {x'^) in AI and the matrix h e CO{k, I) k R" reads 

/e-^ e-'i'g^p^ ^e-'t'^P^ 9pa\ 

\ e"^ / 

The normal conformal connection for g is the following conf(fc, ^)-valued one-form 
on P 

^D™"^(/i, x) = h-^ ■ 7r*(tj™"-^(x)) • h + h-^dh. 
The curvature of the normal conformal connection is as follows 

^™"/(/i,a;) = h-^ ■ 7r*(i^™"/(a;)) • h, 
where K'^°^^ is the curvature for uj'^''^f on M 

/O DP, 

j^conf ^ CP^ gPPDPp 

loo 



'^The gauge is natural since we have started from the Levi-Civita connection, not from any 
Weyl connection for g, in which case I I36II contains a Maxwell potential A. 
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and 

DP^ = dP^ + P.aT\ = ^P^^pio^'AioP. 
The curvature contains the lowest-order conformal invariants for g, namely 

• For n > 4 

is the Weyl conformal tensor, while 

p — 1 v7 r"^ 

J^Hvp — „_3 V CT*-^ ^vp 

is its divergence. 

• For n = 3 the Weyl tensor identically vanishes, = 0, and the lowest- 
order conformal invariant is the Cotton tensor Pfj,vp- It has five independent 
components. 

The normality of conformal connections, originally defined by E. Cartan, is the 
following property. The algebra conf(A;, I) = o(A; + 1, / -|- 1) is graded: o(A; + 1, Z -|- 
1) = Q-\ © 00 ffi fli, where translations are the 0_i-part, co{k,l) is the flo-part 
and the special conformal transformations are the gi-part. The normal connection 
for [g\ is the only conformal connection such that the co(fc, Z)-part of its curvature, 
= \^^vp(T^'' '^^'^ ^ istraceless: C^^^^ = 0. Cartan normal conformal connections 
are normal in the sense of Tanaka. 

3.4.2. Conformal geometries from ODEs. The following theorem holds. 

Theorem 3.4 (S.-S.Chern). If a third-order ODE satisfies a contact-invariant con- 
dition W — 0, then it has a Lorentzian conformal geometry [g] on its solution space 
S. Two such geometries constructed from contact equivalent ODEs are diffeomor- 
phic. In the jet coordinates [g] is represented by 

(37) g = (a)2)2 _ 2a;^w^ = 

= {dp - qdx)'^ - 2{dy - pdx}{dq - Fdx - |Fg(dp - qdx) + K{dy - pdx)). 

The normal conformal connection of this geometry is given by 



f^3 


— ^fle 




-^5 
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9^ 


fig - rji 































^0 


^3 


-9^ 




-03 j 



Proof. Let us define on P'^ the symmetric two-contravariant tensor field 

of signature (+H — 000000 0). The degenerate directions of g are precisely those 
tangent to the fibres of ^ 5 

5(X„-)=0, for 1 = 4,5,6,7,8,9,10. 

The Lie derivatives of g along the degenerate directions are as follows 

(39) Lx,g = ^W{9'f, Lx,g = 2g, 

"i 

and 

(40) Lx,g = for i = 5,6,8,9,10. 

Thus, if only W = 0, all the degenerate directions but are isometrics of 5^ whereas 
X7 is a conformal symmetry. This allows us to project g to a Lorentzian conformal 
metric [g] on the solution space <S. By construction the conformal geometries of 
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contact equivalent ODEs are equivalent. By construction the conformal geometries 
of contact equivalent ODEs are equivalent. 

To prove that tD^ is the normal connection we notice that the condition W = 
means = which causes = . . . = A| = 0. Thus, structural equations (l34|) 
do not contain the non-constant terms proportional to 9^ and the curvature if^ is 
horizontal over S. As a consequence, tD^ is a connection over S. To assure that it is 
normal we rearrange according to the five-dimensional representation p5p and 
we check the normality conditions. □ 

Remark 3.5. In order to find the explicit expression for g in a coordinate system 
(ci, C2, C3) on S we would have to find the general solution y = /(a;; ci, C2, C3) of the 
underlying ODE, then solve the system {y — f, P — fx, Q — fxx) with respect to 
ci, C2, C3 and substitute these formulae into (137p . 

The conformal grading of o(3, 2) is as follows 

(41) 0(3,2) ego ©01, 

where 

0-1 ei, 62, 63 >, go 64, 65, 66, 67 >, fli 68,69,610 > 
and the base {ei) is given by the decomposition of ([38]) : 

uj"^ — O^ei + 0^62 -I- 0^63 -I- 6^64 + O165 -I- O266 -I- flse? + ^^468 + ^^569 + f^eeio- 
The curvature is equal to 



/o 


DPi 


DP2 


DP3 


\ 














DP3 














-DP2 














DPi 


Vo 











/ 



with the following components of the Cotton tensor on P'^ 

DPi = - \Cl A - 6^ A 6*3 - 9^ a 6^, 
DP2 = - B^ A - 2B^ e^A 9^ - B^ 6^ a 9^, 
DP3 =-Bl9^/\9^ - Bl 9^ A 9^ - B1 9^ a 9^. 

Finally, we pull-back these formula to through ui = — 1, U2 — — — 
— and get 

DPl ={\Mp + + + KqLg - ^K^Fgggg + 

+ gKqFqqy — gFqqyy — -^FqqqKqK + ■^FqqyK)uj A UJ 
+ \ [Mq - KqqqK - 2KqqKq + Kqqy) LO^ AU^ + 

— \LqqUJ^ AUJ'^ , 

DP2 =i [Mq - KqqqK ~ 2KqqKq + Kqqy) Uj\ ij^ + 

- LqqUJ^AUJ^ + ^ K qqqUj"^ A UJ^ , 

DPj, = - \LqqUJ^ ^Uj'^ + \KqqqUj'^ AU}^ ~ ^ FqqqqUj"^ AUJ^ . 

The formulae for the conformal connection and curvature (in a slightly different 
notation) are given in [53]. 
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Example 3.6. The simplest nontrivial equations with vanishing Wiinschmann in- 
variant and are those with four-dimensional transitive groups of contact symmetries. 
Up to contact transformations they as follows: (/i e M) 

^ - 5 ' 

F = Afiiq - p2)3/2 _ 4^3^ 

/ 2 \ ^/^ 2 

F^J^+pA +3^+p^ 

VP / P 

+ 1)3/2, ^ = ^3/2^ 

First of these examples has the symmetry group C0(3) and three next have sym- 
metry CO(l,2). 

3.5. Contact projective geometry on first jet space. The connection uj'^ gives 
rise to not only the above conformal structure but also a geometry on the first jet 
space . As we know, see corollary 13.21 there are two basic contact invariants 
in the curvature K'^: W and Fqqqq. The condition W = Q yields the conformal 
geometry. Let us now examine the second possibility 

F — n 

The above condition yields = B| = Bg = B4 = 0, which removes all O'^aO^ 
terms in the curvature and turns 0'^ into a sp(4,IR) Cartan connection on Hf — > 
P'^ — !■ J^, since in the curvature there are only terms proportional to 6^, 6"^, 9'^, 
horizontal with respect to P"^ — > J^. A natural question is to what geometric 
structure Q'^ is now related. This geometry is the contact projective structure on 
generated by the family of solutions of the ODE. 

3.5.1. Contact projective geometry. This geometry has been exhaustively analyzed 
in [17] , see also [7l [8] . We will not discuss the general theory here but focus on an 
application of the three-dimensional case to the ODEs. The definition of contact- 
projective geometry, see D. Fox |17) . adapted to our situation is the following. 

Definition 3.7. A contact projective structure on the first jet space is given 
by the following data. 

i) The contact distribution C, that is the distribution annihilated by 

uj^ = dy — pdx. 

ii) A family of unparameterized curves everywhere tangent to C and such that: 
a) for a given point and a direction in C there is exactly one curve passing 
through that point and tangent to that direction, b) curves of the family 
are among unparameterized geodesies for some linear connection on J^. 

A contact projective structure on is equivalently given by a family of linear 
connections, whose geodesic spray contains the family of curves. For V to belong 
to this class one needs 

(42) VvV = X{V)V 

along every curve in the family, where X denotes a tangent field to the considered 
curve and X{X) is a function. Given two such connections V and V, their difference 
is a (2, l)-type tensor field 

AiX,Y) = VxY -VxY, 
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for all X and Y. Simultaneously we have A{V,V) — ij.{V)V for V G C, where 
fi{V) ~ A(V^) — X{V) and fi^ at a point w € is a covector on the vector space 
Cw By polarization we obtain 

(43) A{X,Y)+A{Y,X) = fi{X)Y + fi{Y)X, X,YeC. 

The connections associated to a contact projective structure, when considered at a 
point, form an affine space characterized by the above A. 

Let us describe A more explicitly. We choose a frame (ei = dy,e2 = dp,e^ = 
d'x + pdy) and denote the dual frame by (cr^, cr^, cr'^). In particular uj^ = and 
C ~< 62,63 >. Let — 1,2,3 and I,J,... — 2,3. Now Vj6i — T^jCk, 

A\ = f\ - T\, ^1 = fi^ei and ^ reads 

(44) A\jj)^^^^jS'jy 

Relevant components are equal to A^22 — ^^(23) ~ ^^33 ~ 0' ^^22 — M2, ^^(23) — 
i/Z3, A^33 = 0, ^^22 = Oj ^^(23) — ^^33 = fJ-s and the rest of A\j is free. 

Elementary calculations assure us that the class of admissible connections is a 
20-dimensional subspace of 27-dimcnsional space of all linear connections on J^. 
Another constraint for the connections is given by 

(45) (Vvto^W ^Vv{uj\V)) =0, VeC. 

In our frame this is equivalent to L^^j^ = 0. Combining eq. (|44|) and (|45|) we obtain 

Proposition 3.8. The following quantities are invariant with respect to a choice 
of a connection in the class distinguished by a contact projective structure on 

(46a) r^22 = o, r\23) = o, ri33 = o, 

(46b) r"^22: 2r"^(23) ~ r^22: 33 ~ '^^^ {23} ^ ^'^33' 

The connection coefficients are calculated in a frame (ci) such that C =< 62,63 >. 

Values of four the unspecified combinations (j46bp define a contact projective 
structure. 

Among the above connections there is a distinguished subclass of those connec- 
tions which covariantly preserve the distribution C. We shall call them compatible 
connections. They satisfy not only ([jS)) but a stronger condition 

V xuj'^ ^ (j){X)u\ foraUAT, 

with some one-form (p. Since uj^ is non-closed a compatible connection has nonva- 
nishing torsion. 

3.5.2. Contact projective geometries from ODEs. It is obvious that the family of 
solutions of an arbitrary third-order ODE satisfies the conditions i) and ii a) of def- 
inition 13.71 (Condition ii a) is satisfied with the possible exception of the direction 
dp, which belongs to C but it is not tangent to any solution in general. However, 
this exception is irrelevant since our consideration is local on TJ^.) We ask when 
the solutions form a subfamily of geodesies for a linear connection. 

Lemma 3.9. A third-order ODE y'" — F{x,y,y' ,y") defines a contact- projective 
structure on if and only if Fqqqq ~ 0. Moreover, the quantities (|46bp are given 
by 

^^^^ r^22 = «3, 2r^(23) ~ ^'^22 = «2, 

r^33 ~ 2r^(23) ^ '^l' r^33 = ""-O, 

where 

F = a^q^ + a2q^ + aiq + oq. 
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Proof. The field V — tangent to a solution (x, /(x), f'{x)) equals V ~ /"e2 + 63 
in the frame (ci). The geodesic equations (|^^ read 

(/"f ri22 + 2rr\23)+ri33 = o, 

/"' + iff + 2/"r2(23) + ^3 - Kv)f", 

{f"rr\^ + V"r\,,)+T%, = x{v). 

First of these equations is equivalent to (j46ap . From the remaining equations we 
have that 

/"' = r^22/" + (2r^(23) ~ ^^22)/" + (r^33 ~ 2r^(23))/" ~ r^33, 

is satisfied along every solution. □ 

The algebra sp(4,R) = o(3,2) has the following grading (apart from those of 
(HI and gl|)) 

(48) sp(4,R) = 0-2 ® fl-i ©00 ® 01 ® 02, 

which reads in the base ([5^ : 

0-2 =< ei >, 0_i=< 62,64 >, 

00 =< 63,65,67,69 >, 

01 =< 66, 68 >, 02 610 > . 

After calculating Tanaka's normality conditions by the method of section 13.2.11 
we observe that is the normal connection with respect to the grading In 
this manner we have re-proved a known fact that to a three-dimensional contact 
projective geometry there is associated the unique normal sp (4, M)- valued Cartan 
connection. 

Proposition 3.10. // the contact projective geometry on exists, then lu'^ of 
theorem \3.1\ is the normal Cartan connection for this geometry. 

From uj'^ one may reconstruct the compatible connections. To do this we just 
observe that first, second and fourth equation of ([M]) can be written as 

d9^\ /-Oi \ /9'^A0^\ 

d02 +1 02 -O3 9^ ] Ale^] = [9'^A0U . 

V ' 

r 

The three by three matrix denoted by F is the 0o © 0i-part of tD^. The following 
proposition holds. 

Proposition 3.11. For any section s: ^ P'^ the pull-hack s*T written in the 
coframe {s* 0^ , s* 0'^ , s* 9^) is a connection compatible with the contact projective 
geometry. 

Proof. First we choose the section sq : ^ -P*^ given by g = 0, ui = 1, U3 = 1 and 
U2 = U4 = U5 = uq — 0. We denote F = SqF. In the coframe — Sq0^ , — 3^9"^ 
and = we have —SqU^ = F^2 = T^jfc^'^j •^o^^ = ^^3 = F^g^cr'^ and so on. 
Equations ^} follow from UHl) and HI]), provided that Fqqqq = 0. 

Next we consider an arbitrary section s: —> P'^. In the local trivialization 
P'^ ^ Hj X we have P'^ 3 w = {v,x), where v € Ht, x £ and s is given 
by a; 1-^ {v{x),x). Now s*w^(x) — v^'^{x)sqLj'^(x)v{x) + v~^(x)(iv(x), and s*F is 
the 00 © 01 part of s*u)'^. Since the Lie algebra of is 0o © 0i © 02, every v{x) 
in the connected component of the identity may be written in the form v{x) = 
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V2{x)vi{x) = exp {t2{x)A2{x)) exp {ti{x)Ai{x)) with A2{x) € 02 and Ai{x) G go © 
01. It follows that 

s*Lo'^{x) = v~^{x)2 {v^^{x)sqLo''{x)vi{x) + {x)dvi{x)} V2{x) + V2^{x)dv2{x) 

But the 00 © 01 part of the quantity in the curly brackets is the connection F = SqF 
written in the coframe {s* 9^ , s* 6"^ , s* O"^) and adw~^(a;) transforms it into other 
compatible connection, according to □ 

3.6. Six-dimensional conformal geometry in the split signature. Until now 
we have not proposed any geometric structure, apart from tD^, that could be asso- 
ciated with an ODE of generic type. Motivated by S.-S. Chern's construction we 
would like to build some kind of conformal geometry starting from an arbitrary 
ODE, which does not necessarily satisfy the Wiinschmann condition. We following 
theorem holds. 

Theorem 3.12. A third order ODE defines a six- dimensional manifold as 
space of integral leaves of distribution < Xg, Xg, Xiq, + X-/ >. The manifold 
is equipped with a split signature conformal geometry, whose normal conformal 
connection has special /lo/onomy sp(4, M)©.M^. The Sp(4,R) part of this connection 
is given by lu'^. 

The rest of the section is devoted to prove the theorem. Let us define the 
'inverse' of the symmetric tensor field g = 26^6^ — (6*^)^ of section to be ginv = 
g'^Xi (g) Xj = 2X1X3 - (Xa)^. We take the o(2, l)-part of the connection a)'^ 

r = -1)2 -eM , 
\ -^2 ni^nsj 

and the Levi-Civita symbol eijk in three dimensions. Next we define a new bilinear 
form g on P'^ 

g = e„feg'='0^rV 

The above method of obtaining g of the split degenerate signature from g is called 
the Sparling procedure 38J. The new metric reads 

(49) g = 2(f7i - ^23)6*2 - 2n20^ + 20^0^ 

and was given in [31] in a slightly different context for the first time. We easily 
find that its degenerated directions Xg, Xg, Xiq, and X5 + form an integrable 
distribution, so that one can consider the six-dimensional space of its integral 
leaves. The degenerated directions Xs,Xq, and Xiq are isometrics 

LxeS Lxgg = Lx,,g, = 0, 
whereas the fourth direction, X^ + Xj, is a conformal transformation 

This allows us to project g to the split signature conformal metric [g] on without 
any assumptions about the underlying ODE. 

It is interesting to study the normal conformal connection associated to this 
geometry. Since P'^ is a subbundle of the conformal bundle over M^, we can 
calculate the o(4, 4)-valued normal conformal connection ([55)1 at once on P'^. It 
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is as follows. 
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It appears that this connection is of very special form. We show that the algebra 
of its holonomy group is reduced to 5p (4, M) ® . . Let us write down the connection 
as 

w ={ni - ^3)61 - 0262 + 0^e3 + 0^ei + 0^e^ + 6l3e6+ 

+ ^167 + 1^468 + riseg + rieClO + W^gBii + W^4ei2, 

where ei, . . . , 612 are appropriate matrices in o(4, 4). The space 

V = < ei,...,ei2 >C 0(4,4) 

is not closed under the commutation relations, however, if we extend V so that it 
contains three commutators eia = [63,612], 614 = [65,610] and 615 = [65,612] then 
< ei, . . . , ei5 > is a Lie algebra, a certain semidirect sum of sp(4, M) and M^. Bases 
of the factors are the following: 

=< ei + 267 - 2ei4, en, 612, 613, 615 >, 



Sp(4, M) =< 62 + ei3, 63, 64, 65, 66 - 615, 67, Gg, 69, 610, 614 > 
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The matrix of w can be transformed to the following conjugated representation, 
which reveals its structure well 
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w has the following block structure 


in this representation 












w — 


y —(TUj'^(T I 








where 






a = 


/O l\ 
10 
10 

i^l 0/ 









Surprisingly enough the sp(4,R)-part of w, given by the diagonal blocks, is 
totally determined by the 5p(4,K) connection o)^. In particular, this relation holds 
when W = and Q'^ is a conformal connection itself. In this case we have rather 
an unexpected link between conformal connections in dimensions three and six. 



3.7. Further reduction and geometry on flve-dimensional bundle. Theo- 
rem 13.11 is a starting point for further reduction of the structural group since one 
can use the non-constant invariants in (|34p to eliminate more variables u^. From 
this point of view third-order ODEs fall into three main classes: 

i) W — 0, Fqqqq = 0. This class contains the equations equivalent to y'" = 
and is fully characterized by the corollarv l3.3l 

ii) W = 0, Fqqqq 7^ 0. It is uot interesting from the geometric point of view 
since it does not contain equations with five-dimensional or larger symmetry 
groups. One may prove this by doing full group reduction, see [26 . 

iii) W 0. This class leads to a Cartan connection on a five-dimensional 
bundle and is studied below. 

Let us assume that W and continue reduction by setting = 1, A| = 0, 
which gives 

3/^ 1 Wq 

U, = ^WU3, U, = 

At this moment the auxiliary variable uq which was introduced by the prolongation 
becomes irrelevant and may be set equal to zero 



Uq = 0. 
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In second step we choose 
and finally 



U2 = g^^'S 



U4 



1 Wa 



-.M - 



1 



WZa 



9 3 

The coframe and the underlying bundle P"^ of theorem 13.11 have been reduced to 
dimension five according to the following 

Theorem 3.13 (S.-S. Chern). A third-order ODE y'" = F{x,y,y',y") satisfying 
the contact invariant condition W ^ and considered modulo contact transforma- 
tions of variables, uniquely defines a 5-dimensional bundle Pg over and an in- 
variant coframe {9^ , . . . , 0"*, fi) on it. In local coordinates (a;, y,p, q, u) this coframe 
is given by 

9^ ^\^uuj\ 



- — ZULO^ 
O 



ULO 



IW 



K 



18 
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9 ^/W^ 
1 
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^ = \\ -WaVZ - —WaZ^ + -W^Z ] —--Zn- -FgZg I LU^ 



9 



27 



1 



1 



+ 



\3W 



3W 



3 ^ 9 

-tqUJ H . 

3 u 



where uf" are defined by the ODE via (jlOp. The exterior derivatives of these forms 
read 



(51) 



d9^ =^^6^ - e^A9^, 

d9^ =nAd^ +3." 9^9^ - 9^a9^, 

d9^ =r2A 9^ + 9^/\ 6*2 + A - 9^a9'^ + e^e'^A 9^ + a" 9"^/ 

„c n2 . ni 



d9^ ==r 9^ A 9^ + 9\ 9^ + 9\ 9^ + k''9^^ 



dn ^r9\9^ 



a'=k'=) 9\9^ + 9\9* + 9^ a 9^ 



h^9^A9\ 



The basic invariants for (j5ip (i.e. generating the full set of invariants by consec- 
utive taking of coframe derivatives) are a"^, b^, e'^, h'^, k"^: 



1 



1 



1 



K + —Z^ 
18 



— FgqZ 



-ZF„ - -VZ 
9 ' 3 



1 2 

Kq - -Zp - gFqZq | Z- 



-VZ -2K ] Z, 



Z„ 



(52) 



1 /I 



1 



-{^P^^ + lJ7{7^WqZ--Wp--WqFq 



1 



3u^ 
+ VZ„ 



W \Q 

\WqZ' - ^-WpZ + Wy- ^WqVZ ] ^ 



;FqZq 
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1 / 2W^ 



u^VW \9W 3 / 

Our next aim is to obtain a Cartan connection. First of all we study the most 
symmetric case to find the Lie algebra of a connection. We assume that all the 
functions a'^, . . . ,m'^ are constant. Having applied the exterior derivative to ((?T|) 
we get that b'^, . . . , m'^ are equal to zero and a'^ is an arbitrary real constant ^. In 
this case the equations (fFTj) become the Maurer-Cartan equations for the algebra 
K^®^R'^. Straightforward calculations show that this case corresponds to a general 
linear equation with constant coefficients. 

Corollary 3.14. A third-order ODE is contact equivalent to 

y'" - -2fiy' + y, 

where fj, is an arbitrary constant if and only if it satisfies 

1) W^O, 

(53) 2) — ^ [K + + IzFy - IvZ 



\ 18 9 ' 3 

3) 2W^ - iWqqW = 0. 

Such an equation has the five-dimensional algebra R^©^M'^ of infinitesimal contact 
symmetries. The equations with different constants fj,i and fj,2 are non-equivalent. 

Proof. Assume that a'^ = fj,^ k'^ — 0. It follows from d^0* — and (PQ ~ 0, that 
this assumption makes other functions in ([51]) vanish. Put y'" — — 2/iy' + y into 
the formulae of theorem 13.131 and check that it satisfies a!^ = ^, k'^ — 0. Every 
equation satisfying a'^ = /i, k'^ = is contact equivalent to it by virtue of the 
Cartan equivalence method. □ 

Now we immediately find a family of Cartan connections 

Theorem 3.15. An ODE which satisfies the condition 



^JW^ V 18 9^3 

has the solution space equipped with the following M.'^ -valued linear torsion-free con- 
nection 



Its curvature reads 



with 





/-n 




\ 






-n 










~n J 




R\ 


R\ 




(- 




R\ 


R\] 




R\ 




R\l 


(Mg^ + k^)' 




(Mk= - 1 


f)9^A 






9^ - k^l 





9'' -g'=9^A9 



The connection is flat if and only if the related ODE is contact equivalent to y'" = 
-2^iy' + y 

Proof. The condition a'^ = /i together with its differential consequences b'^ = c'^ = 
e"^ = h'^ = m"^ = and F ~ — — /ig"^ is the necessary and sufficient condition for 
the curvature of o)^ to be horizontal. □ 
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It follows that every ODE as above has its space of solution equipped with a 
geometric structure consisting of 

i) Reduction of g[(3,M) to represented by 

ai 02 

ii) A linear torsion-free connection F taking values in this M.'^. 

The structure is an example of a geometry with special holonomy. The algebra 
is spanned by the unit matrix and 

■ 1 



-fi 

whose action on S is more complicated. Its eigenvalue equation 

det(Ml — m(/i)) = + — 1 

is the characteristic polynomial of the linear ODE y'" = —2^y' + y. If /i < the 
polynomial has three distinct roots and m is a generator of non-isotropic dilatations 
acting along the eigenspaces. li fi — the characteristic polynomial has two 

roots, one of them double, for other /is there is one eigenvalue. The action is 
diagonalizable only in the case of three distinct eigenvalues. 



4. Geometries of ODEs modulo point transformations of variables 

4.1. Cartan connection on seven-dimensional bundle. Following the scheme 
of reduction given in section [3] we construct Cartan connection for ODEs modulo 
point transformations. 

Theorem 4.1 (E. Cartan). To every third order ODE y'" = F{x,y,y' ,y") there 
are associated the following data. 

i) The principal fibre bundle —^ PP ~^ J"^ , where dimP'' — 7, and is 
the three-dimensional group 



(54) 






V 

ii) The coframe {e^,e'^,e^,0^,ni,n2,n3), which defines the co(2, 1) ®. Re- 
valued Cartan connection tD^ on by 



1 U2 

2 





\ 















1 M2 




2 yuTus 











(55) 





\Vl2 


\ 




^3-\ni 











^201 


02 -04 
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Two 3rd order ODEs y'" — F{x, y, y' , y") and y'" ~ F{x, y, y' , y") are locally point 
equivalent if and only if their associated Cartan connections are locally diffeomor- 
phic, that is there exists a bundle diffeomorphism $ ; Z) O O d such 
that 

Let (x,y,p,q,ui,U2,U3) = be a locally trivializing coordinate system in 

pp. Then the value of at the point {x\u^) in PP is given by 



where u denotes the matrix (|54p and 



2^2 



^3 5^1 



is the connection ljP calculated at the point (a;*, ui — 1,U2 = 0, M3 = 1). The forms 



UJ",U!'',uj'-',UJ* read 



OJ^ =dy — pdx, 
ijp' —dp — gdx, 



-dq — Fdx — ^Fq{dp — qdx) + K{dy — pdx), 
LO^ =dx + \Fqq{dy - pdx). 

The forms fi^ , . . . , f2g read 

n\=- {3Kg + iFqqFq + f Lo^ 



1 p , ,2 



L 



\FqqK) uj^ 



(2Kq 



gFqqFq 



3,^ IP) 



1 p rfi 



nl=- {2Kq + \FqqFq 



-^Fqp)^' 



\Fqq CJ^ 



\FqZ.\ 



Proof. We begin with the Gp-structure on which encodes an ODE up 

to point transformations. In the usual locaUy triviahzing coordinate system 
{x, y,p, q, Ui, . . . , Ms) on Gp x the fundamental form 0* is given by 



=UILU\ 
92 =U2Cj2 



U3UJ 



We repeat the procedure of section [3T2l We choose a connection by the minimal 
torsion requirement and then reduce Gp x using the constant torsion property. 
We differentiate 6*' and gather the 0^ aO^ terms into 



de^ = viv 



(56) 



U3U7 



U3 



de^ ^ f72A 

U6U7 

d9^ = + f^sA + 6l^ 



d0'^ = Qs^e^ + n 
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with the auxihary connection forms containing the differentials of and terms 
proportional to 6^. Then we reduce Gp x by 



After these substitutions the structural equations for 0' are the following 



with some functions A^,B^,B2. But now, in contrast to the contact case, the 
forms r2i,f22,f^3 are defined by the above equations without any ambiguity, thus 
there is no need to prolong and we have the rigid coframe on the seven-dimensional 



4.1.1. Curvature. Further analysis of the coframe of theorem 14.11 is very similar 
to what we have done in section [31 The curvature of the connection is given by 
nonconstant terms in the formulae of exterior differentials of the coframe 



d9^ =niA 9^ +9*^6^, 

d9^ =r22A 9^ + n^A 9^ + 9"^ A 6^, 

d9^ =^2^9^ + [2^^, ~ ^1)^9^ + Al9'^ , 

d^^ ={^1 - f73)A 6'^ + B^ei^A 9^ + B^ei^A 6^, 

(57) dl7i ^-^2^6^ + {Ti\+ml)e^Ae^ + {i-Bl~2-Bl)e^A9^ 
+ (2CP-AP)0iA04_BPg2^^3^ 

df^a =(r23 - f7i)A ^2 + T>le^A 6*2 + (DP + BP)6ii A + A^ei^A 6^ 

+ {2Bl~B\)9\9^ + Cl9\e\ 
dn^ =(DP + 2BP)01a02 ^ 2(BP - ^1)9^^9^ + CP^^a^^ - 2B19''a9'', 

where AP, AP, AP, BP, BP, BP, BP, CP, DP, DP are functions on PP. We have 



Corollary 4.2. The set of basic point relative invariants for third order ODEs is 




and also 




d6^ ^QiaO^ +0^/\9'^, 

de^ ^n2A 9^ + n^A 9^ + 9^ a 9^, 

d9^ ^n2A 9^ + {2^3 - ni)A 9^ + AP^^A 9\ 
d9^ ^{fli - n3)A9'^ + B19^a9^ +BP9^a9\ 



bundle PP ^ J^. 



□ 



as follows: 




34 



MICHAL GODLINSKI AND PAWEL NUROWSKI 



All other invariants can be derived from A^, and by consecutive dif- 
ferentiation with respect to the frame {Xi, X2, X3, X4, X5, Xq, X^) be the frame 
dual to {9^,9'^,6^,6'^,Qi,Q,2,^3)- Among these derived invariants and B4 are 
important: 

p _ui 

Corollary 4.3. For a third-order ODE y'" = F{x, y, y' , y") the following conditions 
are equivalent. 

i) The ODE is point equivalent to y'" — 0. 

ii) It satisfies the conditions W = Q, Fgqq = 0, F^^ + 6Fqqp = and 

^FqqK + —FqFqp — 2Fqy + Fpp = 0. 

iii) It has the co(2, 1) ®. algebra of infinitesimal point symmetries. 

The manifold P^, like P"^, is equipped with the threefold structure of principal 
bundle over J^, and S. 

• pp is the bundle H3 PP with the fundamental fields X5,Xq,Xt. 

• It is the bundle CO(2, 1) ^ PP ^ S with the fundamental fields 

^4 J , Xa , Xj 

• It is also the bundle H4 ^ PP ^ with the fundamental fields 

X3,X5,XQ,Xf. 

4.2. Einstein- Weyl geometry on space of solutions. We describe in detail the 
Einstein- Weyl geometry on the solution space. 

4.2.1. Weyl geometry. A Weyl geometry on M" is a pair (.g,<^) such that g is a 
metric of signature {k,l), k + I = n and (/> is a one-form and they are given modulo 
the following transformations 

(l)^^ + dX, g^ e^^g. 

In particular [g] is a c;onformal geometry. For any Weyl geometry there exists the 
Weyl connection; it is the unique torsion-free connection such that 

V5 = 20(g) g. 

The Weyl connection takes values in the algebra co(A;, /) of [g]. Let (w^) be a coframe 
such that for some g of [g] is equal g = g^u^jJ^ ® with constant coefficients g^v 
The Weyl connection one-forms T^^^ are uniquely defined by the relations 

dw^-^r^^At^'" = 0, 

r(^,y) = -gtiuff), where = gjk^^y 

The curvature tensor R^,yp„, the Ricci tensor Ric^j, and the Ricci scalar R of a Weyl 
connection are defined as follows 

T)jp _ DP 

R = Ric^,5^^ 

The Ricci scalar has the conformal weight —2, that is it transforms as R ^ e~^^R 
when g — > e'^^g. Apart from these objects there is the Maxwell two-form 

F = d^, 

which is proportional to the antisymmetric part of the Ricci tensor. 
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Einstein- Weyl structures are by definition those Weyl structures for which the 
symmetric trace-free part of the Ricci tensor vanishes 

4.2.2. Einstein-Weyl structures from ODEs. One sees from the system ()57[) that 
the pair (5,173), where 

is Lie transported along the fibres of PP S in the following way 
and 

Lx3^3 = 5^1^^' 
Lx,n3 = 0, for J =5, 6, 7. 

Due to these properties {g, fis) descends along PP ^ S to the Weyl structure {g, (f) 
on the solution space S on condition that 

W = Q 

and 

(58) (i^-Pg - l^q - Pp) Fqq + ^^q^qp - '^^qv + Fpp = 0- 

These conditions are equivalent to E. Cartan's original conditions in 3 . The con- 
formal metric of the Weyl structure (5, <j)) coincides with the confornial metric of 
the contact case and is represented by 

g = 2uj^u^ - {uo'^f = 

= 2{dy - pdx){dq - \Fqdp + Kdy + (\qFq - pK - F)dx) - {dp - qdx f, 

while the Weyl potential is given by 

(f> = -i2Kq + iFqqFq + \Fqp)[dy - pdx) + \Fqq{dp - qdx) + \Fqdx. 

The Weyl connection for this geometry, lifted to CO(2, \) ^ P^ ^ S, now the 
bundle of orthonormal frames, reads 

/-ni -6l4 
r = -O2 -O3 -0^ 

\ -^2 ni - 2n3j 

The curvature is as follows 

-F R\ 

(59) m = I R\ -F R\ 



2 



with 



R\ -R\ - F^ 

F = dn3 = 2B10^A 02 -f (2BP - 2B5)01a 0^ - 2Bl0\ 0^ 
R\ = -B^^Ia 02 _ BP01a 03 _ B^02^ 

i?l2 =BP01a02-)-B^01a03, 

R\ = -B|01a03 + (BP - 2BP)02^03^ 
The Ricci tensor reads 



-3BP 3Bf; - 5B 



Ric = I 3B| 2B^ 3BP 



4 



-3B^ + BP -3BP 
and satisfies the Einstein-Weyl equations 

Ric(y) = \R ■ gij 
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with the Ricci scalar R = 6B4. The components of the curvature in the orthogonal 
coframe given by mi = 1, U2 = 0, M3 = 1 are as follows 

tdP J_p J L p2 

-^1 "18-^999^9 G IIP 36 99' 

■RP -1 P 
-"2 —6 999' 

■D3 —Q^qgy :jJ^^qq^^q Q^qqq^^ is-^QQ-^gp 54: qq 1 9' 

■D4 —J:^qq ^ g^qqq^q < 3^qqp ^ \2 11' 

Example 4.4. The simplest nontrivial equations possessing the Einstein- Weyl ge- 
ometry are 



2p' p^ + r 

F ^'^ , ^ , F^q^'^. 

y 



4.3. Geometry on first jet space. In section 13751 we described how certain ODEs 
modulo contact transformations generate contact projective geometry on J^. The 
fact that point transformations form a subclass within contact transformations 
suggests that ODEs modulo point transformations define some refined version of 
contact projective geometry. Indeed, the only object that is preserved by point 
transformations but is not preserved by contact transformations is the projection 
— > xy plane, whose fibres are generated by dp. This motivate us to propose the 
following 

Definition 4.5. A point projective structure on is a contact projective struc- 
ture, such that integral curves of the field dp are geodesies of the contact projective 
structure. 

We immediately get 

Lemma 4.6. The field dp is geodesic for the contact projective geometry generated 
by an ODE provided that the ODE satisfies 

F — n 

^999 ~ 

Proof. In the notation of section [3.5. II we have dp = ei and, from proposition 13.81 
= 0- Thus V2e2 = Ae2 iff r'^22 — Oj which is equivalent to Fqqq = by means 
of lemma 13.91 □ 



However, the condition Fqqq = is not sufficient for a}P to be a Cartan connection 
for the point projective structure and we show that there does not exist any simple 
way to construct a Cartan connection on PP ^ J^. The algebra co(2, 1) ©. M'^ C 
o(3, 2) inherits the following grading from 

co(2, 1) e. R3 = 0_2 © 0-1 © 00 ® 01 

but it is not semisimple, so the Tanaka method cannot be implemented. Moreover, 
the broadest generalization of this method - the Morimoto nilpotent geometry 
handling non-semisimple groups also fails in this case. This is because the Morimoto 
approach requires the algebra g to be equal to the prolongation of its non-positive 
part algebra 0_2 © 0-i © 0o- In our case the prolongation of g_2 © 0-i © 0o is larger 
then co(2, 1) ®. R'^ and equals precisely o(3, 2), which yields a contact projective 
structure. Thus only the contact case is solved by the methods of the nilpotent 
geometry. 
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Lacking a general theory we must search a Cartan connection in a more direct 
way. Consider than an ODE satisfying Fqqq — 0. It follows that = and 
B4 = in equations ([57]) . We seek four one- forms 



a20^ + a39\ 



El =r2i + aid^ 



S2 ^n2 + bie^ + b29^ + b3t 



S3 =a3 + ci0' + C2 02 



C36 



S4 + /i0i + /20' + /30^ 

with yet unknown functions ai, . . . , /a, such that the matrix 



1" 

2-2 



9' S3 



1 ^ 

2-1 







1-1 - "3 



\20i 



\ 



1 

-2-2 



is a Cartan connection on PP —> . Calculating the curvature for this connection 
we obtain that the horizontality conditions yield 

dai = Xi(ai)0i -I- X2(ai)02 + B^B^ + Xi{ai)9^ - ai^i - 02^22- 

Unfortunately, none combination of the structural functions , • ■ ■ , and their 
coframe derivatives of first order satisfies this condition. Therefore we are not able 
to build a Cartan connection for an arbitrary point projective structure. Moreover, 
since B^ now equal to ^(i^-Pgg + ^Pqqp) is a basic relative invariant, it seems to 
us unlikely that among the coframe derivatives of , . . . , of any order there 
exists a function satisfying the above condition. If such a function existed it would 
mean that among the derivatives there is a more fundamental function from which 
B^ can be obtained by differentiation. 

Of course, we do have a Cartan connection for the point projective geometry 
provided that in addition to Fqqq = the conditions B^ = = are imposed. 
However, the geometric interpretation of these conditions is unclear. 



4.4. Six-dimensional Weyl geometry in the split signature. The construc- 
tion of the six-dimensional split signature conformal geometry given in section [3] 
has also its Weyl counterpart in the point case. A similar construction was done by 
P. Nurowski, |38j but he considered the conformal metric, not the Weyl geometry. 
Here, apart from the tensor 

g = 2(f7i - ^3)0^ - 2^36^ + 29^9^ 

of ([m, we also have the one- form 




The Lie derivatives along the degenerate direction + Xj of g are 
L{X5+Xr)S = g and L(^x5+Xr)^3 = 0. 

In this manner the pair (g, ■^^3) generates the six-dimensional split-signature Weyl 
geometry (g, (p) on the six-manifold being the space of integral curves of X^+Xj. 
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The associated Weyl connection is co(3, 3) ( 



/ 



where 



¥' 



pi 



16)3 



¥' 



¥' 



¥' 
¥' 



Ale' 



f BP0^ + 



-valued and has the following form. 



¥' 






T^l 




i 5 


U 


T^2 
i 6 


^ 6 


6 









-¥' 


¥' 









3 





P/)4 



2-^2) 



Contrary to section this connection seems to have full holonomy CO(3, 3) k 
and it is not generated by in any simple way. It is also never Einstein- Weyl. 



4.5. Three-dimensional Lorentzian geometry on solution space. The ge- 
ometries of sections |4 . 2 1 to WM are counterparts of respective geometries of the con- 
tact case. The point classification, however, contains another geometry, which is 
new when compared to the contact case. This is owing to the fact that the Einstein- 
Weyl geometry of section 14.21 has in general the non- vanishing Ricci scalar, which 
is a weighted function and can be fixed to a constant by an appropriate choice of 
the conformal gauge. Thereby the Weyl geometry on S is reduced to a Lorentzian 
metric geometry. 

These properties of the Weyl geometry are reflected at the level of the ODEs by 
the fact that the equations 

3 {y"? 
2 



(60) 



y 



and 



(61) 



y 



y' 



are contact equivalent to the trivial y'" = by means of corollary 13.31 but they 
are mutually non- equivalent under point transformations and possess the o(2,2) 
and 0(4) algebra of point symmetries respectively. Both of them generate the 
same flat conformal geometry but their Weyl geometries differ. After calculating 
equations ()59p we see that the only non- vanishing component of their curvature is 
the Ricci scalar, which is negative for the equation ([HH]) and positive for In 
this circumstances we do another reduction step in the Cartan algorithm setting 
the Ricci scalar equal to ±6 respectiveljQ, which means B4 = ±1, and obtain a six- 
dimensional subbundle Pq of P^. The invariant coframe {6^, 9^, 9^, 9'^, fli, SI2) yields 



'We choose ±6 here to avoid large numerical factors. 



GEOMETRY OF THIRD-ORDER ODES 



39 



the local structure of 50(2, 2) or 50(4) on while the tensor g = 20^0^ - (6*2)2 
descends to a metric rather than a conformal class on S by means of conditions 

(62) Lx.g^O, Lx,g = 0. 

The obtained metrics are locally diffeomorphic to the metrics on the symmetric 
spaces 50(2,2)/50(2,l) or 50(4)/50(3). 

In order to generalize this construction to a broader class of equations we assume 
that the Ricci scalar of the Einstein- Weyl geometry is non-zero 

2„ „ 1 



GKqq -\- ^FqqqFq 4" 2>Fqqp 



4 



and set 



Us 



6K, 



2F, 



qqp 



2 



in the coframe of theorem 14. II The tensor 'g on Pg projects to the metric g on 5 
provided that the conditions (|62p still hold, which is equivalent to 



1 



W^O and iV+lF,){6K^^ + -F^ggFg + 2F,gp + -F^ 



qq 



0. 



The Cartan coframe on Pq is then given by 



d0^=niA0'^-i 

d0^ =f72A 0^ + Pld^A 0^ - 0^A 6'^ 
d0^ =f72A 0^ -niA0^+ P20^A 0^, 

d0^ =^IA 0^ + PsO^A 0^ + P40^A 0^ + P50^A 0^ - ^P20^A 0-^ 

d^i = - VL2A 0^ + pa^JsA 0^ + pee'^A + p^e'^A 0^ + P46'2a 0^ + p^0'^A 6'^ 
dVL2 = - VLiA ^2 + Pll^aA 9^ + pse'l A 6*2 + Pq0^a0^ + Pio6'2a 0^ + P56'^A 0^, 



PX0^A0^, 



with some functions pi 



where 



, pio and the Levi-Civita connection is given by 




r\ = - r!i + ip20 



2' 
Pit 



The curvature reads 







R\ R\ 
R\ -R\, 



R\ =i(p9 - pe)^^ 02 + (i(p2)' - P7)e'A 0^ + (P4 + X2(pi) + ipiP2)0'A 0\ 



R\ =(P10 - \X2{P2) - i(P2)')e'A 02 + (p4 + X2(pi) + ipiP2)0^ 
+ ((Pi)2-X3(Pi))02a03, 



i?2^ =-P801a02+ l(pg_p9)0l, 



-P10 + 5^2(P2) + t(P2) 
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5. Geometry of third-order ODEs modulo fibre-preserving 
transformations of variables 

5.1. Cartan connection on seven-dimensional bundle. The construction of 
a Cartan connection for the fibre preserving case is very similar to its point coun- 
terpart. This is due to the fact that every point symmetry of y'" = is necessarily 
fibre-preserving and, as a consequence, the bundle we will construct is also of di- 
mension seven. Starting from the Gz-structure of ()14p . which is given by the forms 



-UlLO 



and after the substitutions 



"6 = , 

Ml 



U5 



U3 

Ul 

4 



Ul 

-"3 

1 



U2 - n^sFq 



Ul 



3 
2ui 



we get the following theorem. 



y, y' , y") there are associated 



Theorem 5.1. To every third order ODE y" 
the following data. 

i) The principal fibre bundle , where dimP-^ = 7, and is 

the three-dimensional group the same as in the point case 



1 112 

2 





\ 


"3 



















1 U2 


U3 ' 


2 ^/uTU3 














V 

ii) The coframe (e^, S^, 6''*, l^i, rJa, ^^3), which defines the co(2, 1) ®. Re- 
valued Cartan connection on Pf by 



(63) 









\ 





1^2 



-2^1/ 



Two 3rd order ODEs y'" = F{x, y, y' , y") and y'" = F{x, y, y', y") are locally fibre- 
preserving equivalent if and only if their associated Cartan connections are locally 
diffeomorphic, that is there exists a local bundle diffeomorphism $ : P^ D (5 — s- O C 
P^ such that — ujf . The value ofuj^ at the point {x^,u^) in P^ is given by 



u)-^ {x^ ,u^) = u ^ UJ-^ U -\- ' 



Mm 
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where u € H3 and 



(1^1 


h^°2 


\ 




- ifi? 


















is given by 



oj =dy — pdx, 
up =dp — gda;, 
up =A.q - Fdx 
^-dx 



OJ 



^Fgidp 

n1=-KgUJ^ + lFqqu;\ 

=LUJ^ -KgUj'^ + iFggU^ " Kuj'^, 
KgW^ + lFggUJ^ + lFgUj'^. 



qdx) + K{dy — pdx), 



(64) 



The exterior differentials of the coframe are equal to 

de^ =02A + (2O3 - Qi)a + a{6i^a + W^e'^A e\ 

d6'*=(Ol-^23)A6l^ 

df2i = - f22A 0'^ + (D{ - B^)6|1a 6^ + B^O^a 6"^+ 

+ (2C{ - aI)0^a + b{6|2a 6*3 + B^6|2a 6*^ 
df22 =(03 - f2i)A ^2 + D^6|1a 6*2 + (d{ - 2B^)6'i a 6*3 + A^O'^aO'^ 

+ B{.e^A 9^ + (c{ - a^)6|2a ei'' + Bie^;. e^, 

dQ.z =(D{ - B{)e\e^ + B^6|1a6|3 + (C{ - A^)6'V6'^ 



b{6|2a6'-'^ + W^O^aO'^. 



where A{\ A^', A^',b{,B^',B^',B:{,B^',B^',C{,D{,D^ are functions on Pf . All 



these invariants express by the coframe derivatives of A{, B{, C{, which read 



Uo 



W, 



B^ -—F 



(9-^99-^9 3-^9P + -^9) + 



+ 



^3 



^qy) ■ 



If A{ = then A{ = A^ = and if b{ = then B{ = for i = 
particular we have 

dB{ = -B{e^ + (B^ - b|)6|2 - B{e^ - B^6l^ - B{n3. 

The flat case is given by vanishing of a{, b{ and C{. 



2,..., 6. In 
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5.2. Fibre-preserving geometry from point geometry. 

5.2.1. Fibre-preserving versus point objects. An immediate observation about the 
fibre-preserving objects - and uj^ - is that they are closely related to their point 
counterparts of theorem 14. II Indeed, there is a unique diffcomorphism p: PP P^ 
such that 

p f p f p f 

(65) e^^p*e^, 6*2 = ^*612, d^ = p*e^. 

It is given by the identity map in the coordinate systems of theorems 14.11 and 15.11 
The remaining one-forms are transported as follows. 

p / / 

e^=p*{e^ + lB{0'), 



p 



(66) 



3^ 



where 



4=p*(4 + ^B^'Ji), 

The above formulae enable us to transform easily the fibre-preserving coframe into 

/ / 

the point coframe. Given the fibre-preserving coframe ((?,..., f^a) we compute 

/ / / 

d9^ and take the coefficient of the 9^ a 9^ term. This is the function B{. Next we 

compute dB{, decompose it in the fibre-preserving coframe, take minus function 
/ 

that stands next to 6*^ and this is Bg. We substitute these functions together 
/ / 

with {9^, . . . , into the right hand side of (l65|) and ([66]). where p is the identity 

transformation of P^ and the point coframe is explicitly constructed on P-^ . 

Now let us consider the inverse construction, from the fibre-preserving case to 

p p 

the point case. If we have only the point coframe {9^, . ..^Q,^) then we can not 
utilize eq. (|66p since we are not able to construct the function B{, which is not 
a point invarianlQ and, as such, does not appear among functions A^, . . . ,T>2 in 
(|57p or among their derivatives. However, if we consider the point coframe and the 
function Bj^ then the construction is possible, since Bg is given by the derivative 
— X4(B{) along the field X4 of the point dual frame. Therefore the passage from the 
point case to the fibre-preserving case is possible if we supplement the connection 
QP with the function B{. This fact implies that each construction of the point case 
has its fibre-preserving counterpart which has an additional object generated by 
B{. 

5.2.2. Counterpart of the Einstein-Weyl geometry on S. This geometry is con- 
structed in the following way. Let (6*^, . . . , f^s) denotes again the fibre-preserving 
coframe. Given the objects g = 29^9^ — (0^)^ and 

^^n3 + lBi9\ 



2 

d 1 

(g, 0, B{) can be projected to a geometry on S. There are two possibilities here, 



let us also consider the function B{, and ask under what conditions the triple 



'''For example the point transformation {x, y) (y, x) destroys the condition Fqq = 0. 
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either B{ = or B{ ^ 0. If B{ = then it is easy to see that the pair (g, (/<) 
generates the Einstein- Weyl geometry if only A{ = C{ = 0, which means that we 
are in the trivial case y'" = 0. 

Suppose B{ ^ then. For the geometry on S to exist we need not only the 
conditions for the Lie transport of g and (f> but also 

(67) ^x.B{ = 0, for i = 4, 5, 6, ix,B{ = -B{. 

If all these conditions are satisfied then (g, B{) defines on S the Einstein- Weyl 
geometry (g, 0) of the point case, which is equipped with an additional object: a 
weighted function / which transforms / — > f when g —> e^^g and is given by the 
projection of B{. The conditions for existence of this geometry are A{ = Bg = 0, 
that is 

(68) W = and V{Fgq) + ^Fg.Fq ^ 0. 

As usual, the condition W — guarantees existence of [g] and the other condition 
yields ()67p . The proper Lie transport of along X4 is already guaranteed by the 
above conditions as their differential consequence. 

5.2.3. Counterpart of the Weyl geometry on . In the similar vein we show that 
the triple (g, i(/),B{), where 

g = 2{ni - rj3)6'2 - 2^30^ + 29^9^, 

projects to the six-dimensional split signature Weyl geometry (g, (f) of section [5] 
section [4.41 equipped with a function / of conformal weight —2. 

5.2.4. Counterpart of Lorentzian geometry on S . Given (g, 0, /) on S it is natural 
to fix the conformal gauge so a^ / = 1- This is equivalent to another substitution 

f 

in the Cartan reduction algorithm, which leads us to the bundle Pg with the fol- 
lowing differential system 

d9^ =ni/\9^ +9'^;^9'^, 

d9^ = SlzA 9^ + h9^^ 6*2 + i^9^r, 9^ + 9'^;^ 9^, 

d9^ =-ni^9^ + fl2^9^ + (2 - 2f3)9^A9^ + {49-^^9^ +2{29^r^9^, 

(69) d9^ = f^i A 61* + fs 9-^^ 9^ + (£3 - 2) 9"^ a 9^ + fi 9'^ a 9^, 

dni = (2f3 - 2)f^2A 9^ - n2A 9^ + U9^A 9^ + h9^A 9^ + is9\ 9* - he^9^, 

=r22Ar2l -flf^2A -f2r22A6|4 + fgei^A + fio^^A +fii6|l A 61* + 
+ fl26|2A 9^ + fl36|2A 9^ - h9^A 9^. 

If the conditions (|68p . now equivalent to £4 = = £2, are satisfied then g = 
29^9^ — (6'^)^ projects to a Lorentzian metric g and 

-2f50^ + 2f36i2 + 2fi6'3 

projects to a one-form (p. With the Lorentzian metric there is associated the Levi- 
Civita connection (F^^): 

r\^^ni + {{s-i)9^, 
r\ =(f3 - 1)9^ + ho^ - 9\ 

T\ = - ^2 + {fa - 1)9\ 

®With possible change of the signature to make / positive. 
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The covariant derivative of with respect to T^^^^ is as follows 

/ -f9-(f5)' if6+f5(f3-2) fl2-f3(f3-3)\ 

4•^■,J^\ ife+fsfs 2fi2-2f3(f3-2) X2(fl)+fl . 

Vfl2-f3(f3-l) ^2(fl)-fl ^3(fl) / 

The one-form (f> and the Ricci tensor satisfy the following identities 
V(j(/!)j) = -RiCy - + {(j)''(f)k + '2)gij, 
R = 2/0fc+6, 
d0 = -2 * (/). 

The homogeneous model of this geometry is associated to y'" — | ^^y) . 
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